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1. (10 points)

(a) Consider the group G = Z7 × Z12. Let K be the subgroup generated by (1, 2) in G and

find the order of the element (1, 1) +K in G/K.

Sol. |G| = 12 ∗ 7 = 84, |K| = lcm(7, 6) = 42, so that |G/K| = 84/42 = 2. Hence, the

order is 1 or 2, but (1, 1) 6∈ K, as the second co-ordinate of element of K is even mod

12, being 2n modulo 12. So the order is 2.

There are various other ways to see the whole answer or just the last part: (i) Order of

(1, 1) is lcm (7, 12) = 84, so that (1, 1) 6∈ K, (ii) (2, 2) = 37(1, 2) ∈ K, but (1, 1) 6∈ K as

above. So the order is 2. (iii) (1, 1)− (1, 2) = (0,−1) gives another coset representative,

which is not in K, as above, but 2(0,−1) = −7(1, 2), so that the order is 2.

(b) Find all abelian groups of order 8 and order 36 up to isomorphism. Indicate which ones

on your lists are cyclic.

Sol. (i) Z8 cyclic, Z4 × Z2 and Z2 × Z2 × Z2.

(ii) Z36 cyclic, Z2 × Z2 × Z9, Z4 × Z3 × Z3, Z2 × Z2 × Z3 × Z3.

(Note Z36 = Z4 × Z9, the second is Z2 × Z18 etc.)

If you use the invariant factors, the answer (i) would look the same, but the answer (ii)

would be Z36 cyclic, Z2 × Z18, Z3 × Z12, Z6 × Z6.
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2. (10 points)

(a) Show that if H is a subgroup of a group G and N is a normal subgroup of G then H ∩N
is a normal subgroup of H. (You may assume H ∩ N is a subgroup of H, so you just

need to show it is normal.)

Sol. If x ∈ H ∩N , and h ∈ H, then hxh−1 is in N , as N is normal, and it is also in H

by the closure properties for the inverse and the multiplication for the group H. So, it

is in the intersection, which is thus normal in H.

Note: The intersection need not be normal in G.

(b) Show that every normal subgroup of G having only two elements is contained in Z(G).

Sol. If N = {e, n} is a normal subgroup of G with 2 elements, e being the identity, then

e ∈ Z(G) as usual, and normality implies that for given any g ∈ G, gng−1 is in N , and

as it cannot be e (by cancellation law), it has to be n forcing gn = ng for all g ∈ G.

Thus n ∈ Z(G). Thus, N ⊂ Z(G).

(c) Prove that if N is a proper nontrivial normal subgroup of S10 then N = A10. (Hint: You

may use that An is simple for n ≥ 5.)

Sol. Assume N is not A10. By part (a), N ∩ A10 is normal in A10 and is thus trivial

by simplicity of A10. Thus N contains an odd permutation. Product of any two odd

permutations in N is even, and so has to be e, by triviality above. So the intersection

has to contain exactly 2 elements, and thus by part (b), it is in center of S10, which is

trivial, a contradiction. (We need not use the fact that the center is trivial: N being

normal, it contains all elements of the same cycle type as any given element in it, so

cannot just contain two elements, as there is one element of it of order 2).
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3. (10 points) Circle True or False. No justification needed.

(a) True False Suppose G and G′ are finite groups with |G| = p, prime and |G′| = q,

prime. If φ : G→ G′ is a group homomorphism then p must equal q and φ must be an

isomorphism.

Sol. F. φ can be trivial.

(b) True False If G is a finite abelian group and d is a divisor of |G| then G has a subgroup

of order d.

Sol. T. Theorem we proved, as a corollary of structure theorem for finite abelian groups.

(c) True False A homomorphism is an injection if and only if its kernel contains only the

identity. Sol. T. Theorem we proved.

(d) True False It is possible to have a one-to-one homomorphism from some group of order

9 into some group of order 12.

Sol. F. Its image would be an order 9 subgroup of an order 12 group, contradicting

Lagrange’s theorem.

(e) True False Given a group G of order 90, it is always possible to have a one-to-one

homomorphism from any group of order 9 into G.

Sol. F. For example, G = Z3 × Z3 × Z10 does not have Z9 as subgroup.
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4. (10 points)

(a) Define a conjugacy class of an element g0 in a group G. If G is finite, explain why the

number of elements in it divides the order of G.

Sol. The conjugacy class c in G of g0 is defined to be c = {gg0g−1 : g ∈ G}. It being

the orbit of g0 under the conjugacy action of G on G, by the orbit-stabilizer theorem,

its order divides the order of G.

Note : {g0gg−10 : g ∈ G} is the whole group G and not the conjugacy class.

(b) Suppose that G is an abelian group of order 9n, where n is not divisible by 3, and G has

exactly a elements of order 3. Find all possibilities values of a. Justify.

Sol. By the structure theorem of finite abelian groups, G is isomorphic to Z9×Gn or to

Z3×Z3×Gn for some abelian group Gn of order n, and thus the lcm formula for orders

of elements in direct products, we see that a is thus the number of elements of order 3

in either Z9 (in which case a = 2, the elements being 3 or 6) or in Z3×Z3 (in which case

a = 8, elements being any non-identity elements in it). Thus a = 2 or 8.
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5. (10 points)

(a) Find the orders of (2, 0, 2) and (2, 1, 2) in Z4 × Z× Z7.

Sol. ord(2, 0, 2) = lcm(4/gcd(2, 4), 1, 7/gcd(2, 7)) = lcm(2, 7) = 14. Since (the second

component) 1 is an element of infinite order in Z, tghe second element has infinite order.

(b) Find the kernel of θ, and also find θ((2,−2)), if you know that the homomorphism

θ : Z× Z→ S7 satisfies θ((1, 0)) = (1, 2, 3) and θ((0, 1)) = (4, 5)(6, 7).

Sol. Note that since the given permutations are disjoint, they commute and thus by the

homomorphism property, θ((a, b)) = (123)a(45)b(67)b = e if and only if 3 divides a and

2 divides b. Thus, kernel θ is 3Z × 2Z = {(3n, 2m) : n,m ∈ Z}.

θ((2,−2)) = (123)2(45)−2(67)−2 = (123)2 = (132).

Note: The kernel is not 2Z × 3Z and it is not < (3, 2) >= {(3n, 2n) : n ∈ Z}.
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