
To review for the midterm

• Review your notes, the text, the homework problems, and the suggested exercises in
the schedule.

• Do all true false questions in the text. The exam will include a significant T/F
section.

• Below is a list of topics for the exam and a sampling of questions from past exams.
Review these also.

• VERY IMPORTANT. These are just questions from old exams for your practice.
The questions on our exam may not be similar.

Linear transformations and matrics

• Matrix representations.
• Composition of linear transformations

and matrix multiplication

• Isomorphism and Invertibility
• Computing change of coordinate ma-

trices

Elementary Operatations and Systems of linear equations

• Know the rank of a matrix and be comfortable computing inverses using augmented
matrices.

• Reduced Row Echelon form and row reduction.
• Column and row operations and multiplication by elementary matrices.
• Definition and properties of homogeneous and inhomogeneous systems and solutions.
• consistent and inconsistent systems.

Example Problems from old exams

(1) Let T : P2(R) æ P2(R) be defined by T (a + bx + cx2) = a ≠ 3b + 5cx + (a + c)x2..
Let “ = {1 ≠ x2, x2 + x, ≠5 + 4x2}. Find [T ]“. Prove that T is an isomorphism.

(2) We say that A is a submatrix of B if we have

B =

Q

ca
ú ú ú
ú A ú
ú ú ú

R

db ,

where the ÕÕúÕÕ can be any matrices (of the appropriate dimensions). Prove that

rank(A) Æ rank(B).

(3) Let

A =

Q

ccca

1 ≠2 ≠1
≠2 6 2
0 1 3
3 ≠4 ≠2

R

dddb

Solve the linear system Ax = 0. Let b = (1, 0, 4, k)T , and consider the system
Ax = b. Find a real number k such that the system is inconsistent, or explain why
this is not possible. Find a real number k such that the system has infinitely-many
solutions, or explain why this is not possible. Find a real number k such that the
system has exactly one solution, or explain why this is not possible.
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(4) Let the reduced row echelon form of A be
Q

ccca

1 ≠3 0 4 0 5
0 0 1 3 0 2
0 0 0 0 1 ≠1
0 0 0 0 0 0

R

dddb

Determined A if the first, third, and sixth colums of A are
Q

ccca

1
≠2
≠1
3

R

dddb ,

Q

ccca

≠1
1
2

≠4

R

dddb ,

Q

ccca

3
≠9
2
5

R

dddb

(5) n Let a and b be two distinct real numbers, and consider T from P1(R) to R2 defined
by T (f(x)) = (f(a), f(b)). Show that T is linear and invertible. Given c and d,
compute T ≠1(c, d).

(6) Let V and W be vector spaces. Prove that V and W are isomorphic if and only if
there are bases — and “ for V and W respectively and a transformation T : V æ W
such that [T ]“— is the identity matrix.

(7) Let B =
A

≠1 1
0 1

B

and define the mapping T : M2◊2(R) æ R by T (A) = trace(AB).

Show that T is linear and compute the rank of T . Show that
A

1 ≠1
2 ≠1

B

is in the

nullspace of T . Find a basis for N(T ) which contains this matrix.
(8) in R2, Let — = {(1, 2), (3, 4)} and —Õ = {(2, 4), (4, 6)}. Find the change coordinate

matrix taking —Õ coordinates to — coordinates.
(9) Find all solutions to the system

x1 + 2x2 + 5x3 = 1
x1 ≠ x2 ≠ x3 = 2.

Write down a product of elementary matrices that transforms the matrix of the system
to its reduced row echelon form

(10) How many solutions can a homogeneous system of linear equations have? Give an
example of a system of two equations in two variables for each case. Explain your
examples briefly. You do not have to find the solutions of the systems.



He 1 a II a

a C 1 11 11 1 I
rt X L 11 D

Suppose A has rani r Suppose Ji Liz dju are

independent columns in A

let BiaBia Brr be columns in B of the form

Bice

g
when we al ve an column vectors

of th appropriate dimension Set

GBy t Cz Brat era 0 The it must also be

true that city tczdjzt.it Cudju 0 Sinan the dji
on independt e g Cro

So th Bei on independent as well Hence ranks 2 v



I 2 1 1 I 7 1 I

1 1111 tl 1 tC HEH l000 K 8

The sister is inconsistent if y 8
If 4 8 we get a unique solution as we hav shown that
rank Al 3 so nullity A o The te solution set for Ax 6

is k Esi Kit for some So

503 31010,07
There is no possible k that gives an infinite solution set

5 t

Cz 3C

co satzes es Ig
a f 311 1

Cy 4C 3C

1 14 EH

H 2 2



TC a tb x X a tba T a the x bit Xba
a t X azt b Xbla a tha Hb tXblb

Ca tb a taz thbaa g tb b t taz thbab

a tb a a tb b t X az thza a bab
Tfa tb x XTCAztbax

letB J be the Stoner oval basesfor P t IR respectively

E3 1 A t f Chia

So T Ce d begat E x

iii iii

Suppose there exists such at Ten TY In so T is invertible
So T V W is an isomorphism

Ordre basis for V let 8 Eg 92 19 3 be an ordered
basis for W Sinn V is isomorphic to w they havethe same
dimension

Define T V W by TC bit gi

Teen TY T bD l 1 TIME
e l ten In



CAB TR a
Tr I afa ctd a

TCAtXAz Tr CA TX Az B Tr A B AAzBD

ToCA B IT CA B TCA XTCAz

rank CT I It's either 0 a 1 a TC'd 0 so it's 1

II E N T because Ctd a 2 I 1 0

Kit et se 181,1 1,19730
Set I as the fist column ite th ote tain s there

1
so the fist ta basic is
3 lots are

inurement E 181,188

I I b it D I L

It L ih v ahiptbcy.si Up 9
Qutub Yat66

att E3 L 3 I L fay s

IFL ath I 2 b 3,4
when 8 B ten Stendal boss

KEIJI I IT
eats 36 Tatabth
Rath 4 66



Aib 1351 83 11

11 I REF if
let V3 t

seen EEE E I er

Es Ra Ri fi 9 Ez J Rz E R R I

D FEE L I I I

L
L D

911



Homogeneous systems are always consistent
They can have either the unique solution 0 or

a many solutions

Union X txz 0
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