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Your University ID Number:
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• No notes or electronic devices are permitted during the exam.

• Full justification is required on all questions except the True/False. In particular, if you

provide a counter-example, you must explain why your counter-example is appropriate.

• Please initial to indicate that you have read and understood these instructions.
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I a�rm that I will not give or receive any unauthorized help on this exam, and all work will
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1. (20 points) Let V = {(a1, a2) | ai 2 R}. For u = (u1, u2),v = (v1, v2) 2 V and � 2 R we

define vector addition (�) and scalar multiplication (�) below. In each case determine why

V is not a vector space over R with those operations and justify your answer by providing a

specific counterexample.

(a) u� v = (u1 � v1, u2 � v2) and �� u = (�u1,�u2).

(b) u� v = (u1 + v1, u2 + v2) and �� u =

8
<

:
0 if � = 0

(�u1,
u2

�
) if � 6= 0
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This addition is not commutative

Gt u 1,7 ie v 3.47
The UAV 2 2 on VDU 2,2

This multiplication fails V58

let a 1,71 an X 3 at X 4

X X2 Bu 7B 1,2 7

XIU D XIU 3D 1.2 I 411,7
3 Es D Tat
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2. (20 points) Prove that R3 is the sum of the subspaces W1 = {(x, y, 0)| x, y,2 R} and

W2 = {(0, y, z)| y, z 2 R}. Also, prove that the sum is not a direct sum.
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let v f IR Ten us a b i for some a b I f IR

So vs a b o o o s E Wit Wa
Thr IR EW Wz

Let ve wit wz Ten v a b O o id for som a b e d f IR

Since vs Ca btc d e 1123 Witwz E IR and a ham equality

Note This strand director was proved in homework so not necessary

to show hem

Since foil of E W Aw the sun is hot divest



3. (20 points)

Let V be a vector space and W1,W2 subspaces of V . Suppose dim(W1) = m, dim(W2) = n,

and m > n.

(a) Show that dim(W1 \W2)  n.

(b) Suppose that W1 [W2 is a subspace. Are you able to determine its dimension? Why or

why not?
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Sini WillWz E Wz di Winwz Ed un n
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4. (20 points)

Find a basis for the null space and range of the linear transformation T : M2⇥2(R) ! P2(R)
given by

T

 
a b

c d

!
= (a+ c+ 2d)x2 + (2a+ b+ c+ 4d)x+ (3b� 3c)
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If T M o o o ten ate 21 0

2 3554 8
Say shows 6 1 induce to twice equation

Then we only need to satisfy bee and a c 2d

The net 52dg cider span Td 89

This spanning set is independent

x
88

Setting x id X 39
t 2h

We get X X 0

The Be f C 29 is a basic fu NCT

To fl RCT we apply T to th basis for Mazar

TCE Rtx

TCE X 3

Sin pay an x 2 am not Sidor multiples of each off

n ice stop there We ar see tht x'tx X 33 is repent

and la Gr exfell to a basis for RCT But fro tee

dimension theorem we know din RCT 2

So 8 Rtx x 33 is a base Sa Rit



5. (20 points) Choose True or False for each question below. You do not have to justify

your answers, and partial credit will not be o↵ered.

1. The zero vector is a linear combination of any non-empty subset of a vector space V .

⇤ TRUE ⇤ FALSE

2. Every subspace of a finite-dimensional vector space is finite-dimensional.

⇤ TRUE ⇤ FALSE

3. Suppose T : R5 ! R6 is linear and dim(N(T )) = 1. Then T is one-to-one.

⇤ TRUE ⇤ FALSE

4. Suppose T : R5 ! R4 is linear and dim(N(T )) = 1. Then T is onto.

⇤ TRUE ⇤ FALSE

5. If S ⇢ V is a subset, then we can always extend S to a basis for V .

⇤ TRUE ⇤ FALSE
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6. Let S be a subset of a vector space V , and suppose dim(V ) = n. Suppose S generates

V . Then any linearly independent subset of S has at most n vectors, and S has at

least n vectors.

⇤ TRUE ⇤ FALSE

7. If V is a vector space of finite dimension n, then V has exactly one subspace of dimen-

sion 0 and one of dimension n.

⇤ TRUE ⇤ FALSE

8. Let T : P2(R) ! P3(R) be given by T (f) =

xZ

0

f(t)dt. Then T is one-to-one.

⇤ TRUE ⇤ FALSE

9. If � 2 F and x, y 2 V and �x = �y, then x = y.

⇤ TRUE ⇤ FALSE

10. Let v1, v2, v3, v4, v5 2 R5. If both {v1, v2, v3} and {v4, v5} are linearly independent sets,

then {v1, v2, v3, v4, v5} is a linearly independent set.

⇤ TRUE ⇤ FALSE
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Use this page for scratch work.
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