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1. (15 points) For each map T : V. — W, determine whether or not 7' is a linear
transformation. If so, prove it, and if not, identify (at least) one property that fails.

(a) T:R?* — R3 where T'(z,y) = (z — y, 2z, 7 + y).

(b) T ngg(R> — M3><3(R), where T(A) =ATA.

(c) T: P(C) — P(C), where T'(p(x)) = p/(x + 1).
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2. (25 points) For each of the following, circle the correct response (there is no partial
credit or penalty for wrong answers, and no work is required). Assume 7' : V — W is a

linear transformation, where V' and W are not necessarily finite-dimensional.

True False The vector v = (2,2 6) is in the image of the map T : Py(R) — R?® with
T(p) = (p'(0),p"(0), p"(0)).

True False If{vy,...,v,}isabasisof V,then {T(vy),...,T(v,)} is a basis for im(7).

True False The linear transformation T : May3(R) — Mszyo(R) given by T(A) = 2AT
is one-to-one and onto.

True False There exists a linear map 7' : R® — R? with nullity 2 and rank 3.

True False If7:V — V is linear, then T is one-to-one if and only if 7" is onto.

True False If T* exists, then (7%)* necessarily exists and equals 7.

Now assume that the vector spaces V' and W are finite-dimensional, that «, 3, and ~ are

ordered bases of V', V', and W respectively, and that S and T are linear transformations.

True False L(V,W) is isomorphic to L(W, V).

True False If [:V — V is the identity map, then [I]? is always the identity matrix.

True False IfS:V —WandT:W — V, then [ST]] = [S]}[T]5.

True False Forany T :V — V, there always exists an invertible matrix @
such that [T]g = Q1 T]2Q.
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3. (14 points) Let T : P»(R) — R? be the linear transformation with

T(p) = (p(1), p'(1), p(1) +p'(1)).

(a) Find a basis for the kernel of T

(b) Find a basis for the image of T

(c) With the ordered bases 8 = {1,z,z%} and v = {(1,0,0),(0,1,0),(0,0,1)} find the

associated matrix [77}.
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4. (8 points) Suppose T': V — V is a linear transformation with the property that 7% is

the identity transformation. Prove that 7T is one-to-one and onto.

5. (10 points) Suppose that V is finite-dimensional with ordered basis § = {vq,...,v,},
and that T : V — W is linear. If v = {T'(vy),...,T(v,)} is a basis of W, prove that T is an

isomorphism.
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6. (16 points) Suppose T : R? — R? is a linear transformation such that T2 is the zero

transformation, but 7' is not.

(a) Show that the kernel of T" contains the image of T

(b) Show that dim(im(7")) = 1.

(c) Let v be a nonzero vector in im(7), where T'(w) = v. Prove that § = {v, w} is a basis

of R?. (Hint: Apply T to a linear dependence.)

(d) With 8 = {v,w} as in part (c), show that the matrix [T]g =

0 1
00|
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7. (12 points) Let V be an inner product space (not necessarily finite-dimensional) and
T :V — V be a linear transformation possessing an adjoint 7.

(a) If v is any vector in im(7") and w is any vector in ker(7*), prove that v and w are
orthogonal.

(b) Let 8 be the standard orthonormal basis of C3. Suppose that T : C* — C3 is the linear

1 3
transformation with associated matrix [T]g = [ L9 ! , ] . What is the matrix [T*]g
—1

associated to the adjoint 17



