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1. (8 points) Prove that

1 · 2 + 2 · 3 + · · ·+ (n− 1) · n =
n3 − n

3

for any integer n ≥ 2.

2. (8 points) For a complex number z, prove that z = −z if and only if z = ri for some

real number r.
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3. (25 points) For each of the following, circle the correct response (there is no partial

credit or penalty for wrong answers, and no work is required):

True False If W1 and W2 are subspaces of V , then the set of vectors in both W1 and

W2 is a subspace of V .

True False The set of polynomials p(x) with p(1) = 0 is a subspace of the space of

real-valued functions.

True False The set {1 + t2, t− t2 + t3, 3− 2t + t3} spans P3(R).

True False The dimension of a vector space is always positive.

True False If dim(V ) = 3, then every set of 3 or more vectors spans V .

True False If dim(V ) = 3, then no basis of V can have 2 elements.

True False The vectors 〈1, 1, 4〉, 〈2, 0, 2〉, 〈1, 3, 2〉, 〈4, 7, 1〉 are linearly independent.

True False For any vector x in an inner product space, 〈3x, 2x〉 ≥ 0 is always true.

True False In any inner product space, ||v + w|| ≤ ||v||+ ||w|| for any vectors v, w.

True False The vectors
1√
2
〈1, 0, 1〉, 〈0, 1, 0〉, 1√

2
〈1, 0,−1〉 are an orthonormal basis

for R3 (with the standard dot product).
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4. (14 points) Let V = R5 and let S be the set of vectors v = 〈x1, x2, x3, x4, x5〉 such that

x5 = x1 + x2 and x3 = x4.

(a) Prove that S is a subspace of V .

(b) Find a basis for S and the dimension of S.
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5. (16 points) In a vector space V , let

S = {v1,v2, . . . ,vn−1,vn}
T = {v1 − v2,v2 − v3, . . . ,vn−1 − vn,vn}.

(a) Suppose S spans V . Prove that T also spans V .

(b) Suppose S is linearly independent. Prove that T is also linearly independent.

(c) Suppose S is a basis for V . Prove that T is a basis for V .
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6. (15 points) Let V = R2.

(a) Show that the pairing 〈(a, b), (c, d)〉 = 3ac + ad + bc + bd is an inner product on V .

(b) Prove that, for any real numbers a, b, c, d, it is true that

(3ac + ad + bc + bd)2 ≤ (3a2 + 2ab + b2)(3c2 + 2cd + d2).
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7. (14 points) Let V be a real inner product space.

(a) Suppose that {u1,u2,u3} is an orthonormal set in V . Find 〈2u1 − u2 + 4u3, u1 + 2u2 + 2u3〉.

(b) Suppose that ||v|| =
√
a and ||w|| =

√
b. Show that ||v + w|| =

√
a + b if and only if v

and w are orthogonal.


