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1. (10 points) Select either true or false, completely filling in the relevant bubble.
(a) The dimension of C (the set of complex numbers) as vector space over R (the set of

real numbers) is 2.
© True © False

(b) Let V = P (R). If p(x) ∈ V , then the set {p(x), xp(x)} is linearly dependent in V .
© True © False

(c) The vector x3− x belongs to Span(x3 + x2 + x, x2 + 2x, x2) in P3(F), for any field F.
© True © False

(d) If V is a finite dimensional vector space of dimension n, then V contains a subspace
of each dimension i for each i = 0, . . . , n.
© True © False

(e) If V is a finite dimensional vector space over F2 and dim(V ) = n, then V contains
precisely 2n vectors.
© True © False
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2. (a) (10 points) Let V be a finite dimensional vector space over a field F and let W be
a subspace of V . Show that if dim(W ) = dim(V ), then W = V .
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(b) (10 points) Let V be a finite dimensional vector space over a field F and let W1 and
W2 be subspaces of V . Show that if dim(W1∩W2) = dim(W1 +W2), then W1 = W2.
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3. (15 points) Let V be a vector space over a field F, and let w, x, y and z be vectors in V .
Prove that the set {w + x, x+ y, y + z, z + w} is linearly dependent in V .
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4. (15 points) Let A ∈ Mm×n(R) be a matrix and λ ∈ R be a scalar. Show that the set
W = {v ∈ Rn | Av = λv} is a subspace of Rn.
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5. (10 points) Let V and W be vector spaces over a field F. Show that a linear transforma-
tion T : V → W is one-to-one if and only if T carries linearly independent subsets of V
onto linearly independent subsets of W .
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6. Let β = {x2 − x, x− 1, 2x} be a set of vectors in P2(R).
(a) (10 points) Show that β is a basis for P2(R).
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(b) (5 points) Let γ be the standard ordered basis of R2 and β = {x2− x, x− 1, 2x} be
the basis for P2(R) given in (a). If T : P2(R)→ R2 is a linear transformation such

that [T ]γβ =
[
1 −1 0
0 1 −2

]
, find T (x2 + x+ 1).
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(c) (10 points) Find a basis for N(T ) and determine if T is one-to-one.
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(d) (5 points) Is T onto? Find dim(R(T )).
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Scratch work (first page)
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Scratch work (second page) — DO NOT REMOVE
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Scratch work (third page) — DO NOT REMOVE


