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1. (20 points) Select either true or false, completely filling in the relevant bubble.
(a) The function T : (F2)2 → (F2)2 given by T (x, y) = (x + y, x2 + y2) is a linear

transformation.
© True © False

(b) If T : V → V is a linear transformation such that T k = I for some integer k ≥ 2,
then T is invertible.
© True © False

(c) Let W ⊆ V be a subspace such that dimW = 0. Then β = {0V } is a basis for W .
© True © False

(d) Any linear transformation T : V → W has a matrix representation in some space
Mn(F).
© True © False

(e) The set of solutions of a linear system Ax = b is always a subspace.
© True © False

(f) If the system m× n system Ax = b is consistent, then it has a unique solution.
© True © False
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(g) The function det : Mn(F)→ F is a linear transformation.
© True © False

(h) If A ∈Mn(R), then det(AAT ) ≥ 0.
© True © False

(i) If A and B are similar matrices in Mn(F), then A and B have the same eigenvalues.
© True © False

(j) If u and v be eigenvectors of a matrix A ∈Mn(R) associated to distinct eigenvalues
λ and µ, then u and v are orthogonal.
© True © False

(k) Let u, v, w ∈ V be vectors in an inner product space. If u ⊥ v and v ⊥ w, then
u ⊥ w.
© True © False

(l) Any orthogonal set of vectors is linearly independent.
© True © False
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2. Consider the the following system of linear equations in R4:

2x1 − 2x2 + x3 − 3x4 = b1

−x1 + x2 + 2x4 = b2

x3 + x4 = b3

(a) (7 points) Find a basis for the subspace of R4 consisting of the solutions to the
system when (b1, b2, b3) = 0 ∈ R3.
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(b) (8 points) Find a basis for the subspace of R3 consisting of the set of vectors
(b1, b2, b3) such that the system is consistent.
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3. Let A =

 0 1 −1
0 1 2
−1 0 −1

 ∈M3(R).

(a) (5 points) Find the characteristic polynomial of A.
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(b) (5 points) Show that A−1 = 1
3 (2I − A2). There is an easy way to do this and a

hard way to do this.
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4. Let V = P3(R) with inner product

〈p(x), q(x)〉 =
∫ 1

0
p(x)q(x)dx.

Let W = Span(x3 + x, x2 − 1, x).
(a) (5 points) Show that dimW = 3.
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(b) (10 points) Find an orthogonal basis for W .
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(c) (5 points) What is the dimension of W⊥? Briefly justify your answer.
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5. Let V be an inner product space.
(a) (8 points) Let W1 and W2 be subspaces of V . Show that (W1 +W2)⊥ = W⊥

1 ∩W⊥
2
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(b) (7 points) Let T : V → V be a linear transformation such that 〈T (u), T (v)〉 = 〈u, v〉
for all u, v ∈ V . Show that T is one-to-one.
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6. If V is a vector space over a field F, let V ∗ denote L(V,F), so that V ∗ is the space of
linear transformations from V to F. Assume that dim V = n is finite.
(a) (4 points) Fix a vector v ∈ V . Consider the function φv : V ∗ → F defined by

φv(f) = f(v). Show that φv is a linear transformation, i.e. φv ∈ (V ∗)∗ = L(V ∗,F).
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(b) (4 points) If β = {v1, . . . , vn} is a basis for V , define fi : V → F for 1 ≤ i ≤ n by

fi(a1v1 + · · ·+ anvn) = ai.

Show that fi ∈ V ∗.
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(c) (4 points) Show that if v is not the zero vector, then there is an element f ∈ V ∗
such that φv(f) 6= 0. Part (b) may be useful!
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(d) (8 points) Define Φ: V → (V ∗)∗ by Φ(v) = φv. Show that Φ is a linear transforma-
tion and use (c) to conclude that Φ is an isomorphism. Hint: Compute N(Φ) and
dim(V ∗)∗.
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Scratch work (first page) — DO NOT REMOVE
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Scratch work (second page) — DO NOT REMOVE
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Scratch work (third page) — DO NOT REMOVE
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Scratch work (fourth page) — DO NOT REMOVE


