Math 235: Linear Algebra

Midterm Exam 1
October 21, 2014

NAME (please print legibly): So IL{ "—I ons
Your University [D Number:

Please circle your professor’s name: Bobkova Friedmann

¢ The presence of calculators, cell phones, iPods and other electronic devices
at this exam is strictly forbidden.

e Show your work and justify your answers. You may not receive full credit
for a correct answer if insufficient work is shown or insufficient justification
is given.

¢ Clearly circle or label your final answers, on those questions for which it is

appropriate.
QUESTION | VALUE | SCORE
1 25
2 10
3 25
4 20
J 10
6 10
TOTAL 100




October 21, 2014 Midterm Exam 1 Math 235 (Linear Algebra)

1. (25 points) Let T': 3s,(R) = R? be a transformation defined for

by
T(A) = (a1 — aar, —2ay; + Jaos).

(a) Prove that T is linear. J
Need T(ATR)= TUNTTE) =n

Led A be as q\oou*’, and B = (bli L’n

o wtbi Qi l9i‘ , .
lr (A"' g) = ( :.,;‘1' ‘92_, C{,_:’-t bz:. = ( (et 10!'!) ~ Ay + b&!)l "Z(QIa"‘f k")‘* 3 (O]“_'fbu))

T (cA): < T(A)

(-QII-QL" +* \Otl"b&() - 24, t 3¢, "‘Lb".-r 3\3‘"") =

(Cin’c\z-«, g X-Th SQu) +* (Lu"!m.; ,"Lb*"fsb‘“') =

A

(A T( 8)

W

le} ceR . o ca
. I i& — ) . ~ . - -
T (cA) 2T ca,, Ca“-) = ((..C\u CGz) ) 2 Gyt 3¢ )

= e (Qy-an, , =26 Scm_) = C‘T(A)

(b) Find the kernel of T (denoted Null(T) or N{T) or ker(T)) and provide a basis for it.

kev"’r - 5A€ Mixa (B) \ T(A)‘O}

Thed~ is, Q,-d, =0 Ne condibons om Az
and — 2y + 38, = O Qu is «a Fvee var{que/, a,, =9,
Ao = %qnn

So kel = (¢ :g\ t,seﬂe}:[e(,’ 35)*5(5;) lts R
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(¢) Find the range of T (denoted Range(T) or R{T) or [m(T)) and provide a basis for it.

R(T) = Sf)qn?’(ou (ua) T T O”)}
= Squg (-2, (0,0) (¢,3), (—i,c)} =R"

Basis® emy par of nom-zevo rom -—f)wror%‘aﬂ‘zj vedkrs
cq B30, 007

() Find the matrix representation [T]3 where «v is the standard basis of Myya(R) and 3 is
the standard basis of R%.
T (L8 — ) _
p_ [t o =t ¢
u.—,)) > (e.2) [TJ"‘ L o0 D 3
°2) — 9

30 —= (o,3)

(e) Show that the rank-nullity theorem holds for T
dlm LWT = 2
dym R(T) = &

(A‘Y‘n M;..n. “R) = L/

A ker T+ dim R(T) = dim vV

2t 2 = Y
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2. (10 points) Mark the following statements as True or False. No explanation necessary.

()

(b)

Let V' be a vector space. If W and V5 are both subspaces of V. True (False )

then | =11,
. ! 2
B e

W, =S $o0F <K

The intersection of any two snbspaces Wy and 1V, of a vector space ( Trué False
V' is a subspace of V.

If IV is a subspace of V and Z is a subspace of IV, then Z is a False
subspace of V.

If V is a vector space having dimension n, and if S is a subset of ue, False
V' with n vectors, then S is linearly independent if and only if S
spans V.

Every finite dimensional vector space has a unique hasis. True
e.o]. Buses Fw :P, (’R) : fl/)&}
Iy (-xj
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3. (25 points) Recall that if A is a 3 x 3 watrix, fr(A) is defined as the siun of the diagonal
entries of f].. i.c. ['I(‘l) = (1] + Iy + ays.

Let 1 = {4 € M3 s(R) | tr(:1) = 0} be a subset of the vector space of 3 x 3 matrices with

real entries.
(Note: you may do this problem for 2 X 2 matrices for 60% partial credit).

(a) Prove IV is a subspace of M;.3(R).

1)“5-(3‘;1‘3) tr(@=vrote=0 5 W

Fos I >0

;__) ‘€ A' B € N %&" G+ At C(-} o C(/V\fl ba’l* 22t L33 =0

So  tr(4+8)= %r(

by b e by
QL L),_‘ a,,+ Lr“_ st LA.s =
(g4 \9‘9 Ayt EA U *L"ﬁ

~—

Q,,+ ’Ou t Gt ‘9_“_ -~ C{;si L"B = hh"‘hc;f Ay ) T+ (L-’u‘(‘L“Lﬁ Lg;)

= ote=o0

So W s (Lseo’ urcles a:ﬂia\'smn

3) (fF Ae then Al fov amy ceR because
- i Can Ceyy <q,
Er A=t &y, ca, C.qfs =t Ky, T Clyy
Cay, Ca,, Cag,

=< Cq.,a«amq”) st (A): Co =0
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(b) Find a basis for 1V,

Ct'l‘rql)_‘f C155 =0
other wahiv en

Let Ch;.;t , C3z =35

v -’"
) "‘;
2 ] e

o
I
k
v
~AA
—
J80
Qe

I’V;-v'b Gy U Caﬂs('\rqmesi.
thew o, = —t=s

} (=2 = o v o o @ ¢
o ({ao @ w2 (204) ~
&7 [ © 2o v 22

@ 1) y

-1 O o —\OO
o uoc)

(¢) Find the dimension of ¥V, 8
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4. (20 points) Suppose (1y,.... m,) is linearly independent set i vector space Vouand

w € V. Prove that if (v, + w, ..., + w) is linearly dependent, then w € Span(ey, ... v,).

\g (-V.-fw/‘._)"\l.-\-kw) s l\heavlj Je?wenf

thew A, a, ¢ F, pot ol sz such that

i a; (vi+w) = O

C=}
n n
So ZQIV{ + Z2aw = 0
2 S

But smce Y\a'{‘ ‘f" 0(;“5 aqve O CLr\o\ {V;, "?v“z[ is lnhé’.a:fpa

nv R .
ivaa(JemJamﬁ we must howe ?;"ti"u F 0,
A hn .
H—c«nce 2 qw FO
co n
L4 - ZC".
ZQ w = (ZQ;)“" = cw for < €=
i'_" t":l
4o
Shce CwHo | we know < F
n -
So w = - -é > a V! con wéSPqn?V., ,Vn} )
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5. (10 points)

(a) Give an example of vector spaces V' and I and a linear map 7 : V' — 1V such that T
is one-to-one but not onto.

T (xy,2) — (x4, 2 )

RZ —> R
bev (T) = §loger] so T i+ 7L
’r S V\v" O'rl’b 'oﬁCCu’»(S( “ir e)(qmy(e (0,0,0/1) ek"’i M ho

Pre-nmauje g Rg-

(b) Give an example of vector spaces V' and 1V and a linear map T : V — 1V such that T
is onto but not one-to-one.

T (x,g,?) — (*,'j)
R — R

- . _:' . p‘ '“l.
kev("‘):%(",o,%')l?(-m}$ §°j So T 1S ot
T is eonte because ow\g Lo = (x,j) ek hes o jre —ime g<

N '25; e.q. (X;‘j;o)
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6. (10 points) Let ¢.... . ¢ be vectors it a vector space Voaud define W = Span{ep, ...}
and 1y = Span{er.. .., o, v} Prove that dim 1V = dim Wy if and only if » € 1V,

’ |£ VGW: ‘H'\eh CXImM"'MC/‘lm W,\. §

W, and W. ave both vedev spaces.

Alse W, is qs«l;s{,qce o f W bececuse cchlmw+¢/w
1o of the form l‘Zz.lt-c,vl = {sz{v >+ ov | which is an element
of Wi,

Honce dm W, < Jim W,

A Wy 7

k |
’ﬂ'\% (VI ZL’;V,‘ "O'f Seome L; )S .

[

SMFFQSQ V& NJ .

So Cknnj element u{- W, hes +he fovmn

(2 c.“v,) SRR :/ZC:W) fCZl’V

Ve = ‘_‘;l

k -
Z (C(-t CIO})\‘{ € SP“" ?V‘/"'/v:'} - W'

(=g

Se W, « W, wnd  dim W, ¢ dim W,

Theye ‘~e-v6) Hwn W, = A W,

\g C)tw\w‘ ldbka 'H‘a"‘ \)é—w.

We have Wi is « Sanlastoc‘-ce ek Wy as e feve
B‘J (Y H‘\QOVEM/ \(» Aan,‘ciamWL -H\e‘,. W.:’l"/).,

Since V&W«’ we q\sa L\q.\r( Vé-wi
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