Math 210 Introduction to Financial Mathematics

Question 1. The current price of a certain stock paying no income is 30. Assume the annually com-
pounded zero rate will be 3% for the next 2 years. (a) Find the current value of a forward contract on
the stock if the delivery price is 25 and maturity is in 2 years.

(b) If the stock has price 35 at maturity, find the value of the forward from part (a) to the long counter-
party at maturity.

Solution:
Given Sy = 30 = current stock price of stock paying no income, I = 0.03 = annua((y compounded zero rate for t to
t+ 2.
(a) Forward contract with K =25 = dx&(ivcry priccand T'=1+2 = mafwify\

Viet.T) = (Fe.T) = K0+ = (B K ) ()0

(I+7r)~
=S, — K(147r)"T =30-25(140.03)"2=6.435....
(b) Given S7 = 35 and (from )oarf (a)) K = 25. Then

Value of Long forwcmi at mafurify =Vg(T,T) = Sr — K =35 —25=10.



Question 2. The income may be negative if the asset has carrying costs, such as insurance or stor-
age costs. Suppose you have a single gold bar (400 troy ounces) in a storage unit in Mountain View,
California. Rent for the storage unit is 100 per month (with payments starting immediately, not at the
end of the month). The current price of gold is 1325 per troy ounce. Find the current forward price
for the gold bar if maturity is 1 year from now, assuming the continuously compounded interest rate has
constant value 3%. Hint: From the point of view of the rental company, the rent is a sequence of ZCBs

with maturities after 0 months, 1 month, 2 months,..., 11 months.

Solution:

The 90(& bar in sfomge is an assct yaying known income. The forwarci )orice at the current time t is

F(t, T) = (St — It)er(Tit)
where

Sy = current price of asset = 400 - 1325 = 530, 000
r = confinuous(y compounded mterest vate = 3% = 0.03.

T —t = time until mafurify =1 year

I, = }Jmscnf value of the income

We may assume t =0, but it ism't necessary.

We need to compute Iy. Note that I will be negaﬂva. The yent is paid at times ¢t + 1—12, ..

given that 7 is constant over any time interval. So for cach 1 =0,1,...,11,

Z(tt+ 12_2) _ o r(ti/12-t) _ —ir/12

Then

11 . 11
I =100 Z(t,t + 12—2) =100 e,
=0 =0

By the usual 3eomcfric sum formu(a,

1 — (e—/12)12 1 — (—0-03/12)12
I = —100- =) (e )

1 — /12 1 — ¢—0.03/12

Subsﬁfuﬁnﬁ m, e gef
F(t,T) = (S; — I,)e" T ~ 547360.61.

= —100 = —1183.6569971 .. ..

.,t+%. We are



Question 3. Fix times tg <t <T. Consider an asset with positive current value that pays no income.
Suppose that at time ty you go short a forward contract with maturity T and delivery price equal to the
forward price F(ty,T). At time t suppose both the price of the asset and interest rates are unchanged.
(a) How much money have you made or lost? This is called the carry of the trade at time t. Hint:
Compare the value of the short forward at time ty to its value at time t.

(b) How does your answer change if the asset pays dividends at constant rate q? As usual, assume the
dividends are paid continuously and automatically reinvested in the stock.

Solution:

(a) Recall: The value at t of a short forwarcﬁ contract (that was enfered info at t or af some carlier time, like
to) with mafurify T and cﬁe(iv@ry price K is

~Vi(t,T)=—(F(t,T)— K)Z(t,T).

In this problem, we are considering a short forward contract with d@(ivery price K = F(t,T).
The value of the short forwarcﬁ at tg is

—Vigo,m) (to) = 0.
The value of the short forwarcﬁ at ¢ is
—Vr@er)(t,T) = —(F(t,T) = F(t, 1))Z(t,T)
The carry of the trade is the difference
C = [“Veuen)t,T)] = [=Vewm(to, T)] = —(F(t,T) = F(to, T))Z(t,T)

Jt is the net dmnge n value from to to t. Jt is the amount we have gain@d or lost at t.
We are given that S; = Sy,
We are also 3iven that the conﬁnuous(y com)aoundzd interest rate for ycriod to to T is egua( to the conﬁnuous(y
compounded yate for period ¢ fo T. Let r be this vate. (This will work with any other com};ouncting freguency‘)
warefom carry 18

C = —(F(t,T) — Flto,T))Z(t,T)

- (Z(itT) - Z(ifT)) Sl

1 1
:&ﬂnﬂ(zwgg_szJ'

Since Sy must be positive and since T' —to > T —t, we have

1 1
— S.Z(t. T _ — G,e"(T=t) (or(T—to) _ or(T—t) 1
C=5S7(t1T) (Z(to, 76 )) Sie (e e ) >0 (1)

So we have gainad money.

Another way to write 18

St St

C= Z0t0.T) (Z(t,T) — Z(ty,T)) = m(eﬂ”(ﬂt) _ Tty S, (2)




(b) The caryy 18 now

S,e-aT=) g, e—a(T—to)
- ( 26T 2 ) ) Ze1)

i (170 e
— t —
2t >(Z(t0>T) Z<t,T>)

= S, Z(t,T) (el DT —t) _ plr=a)(T'=1)y
We have Sy > 0 and Z(t,T) = e "I >0, and T —tg > T — t. Therefore:
o Jfr>gq then C >0 and we have gained money.

o Jfr <gq then C <0 and we have lost money.



Question 4. Suppose a stock pays dividends m times per year at evenly spaced times with annual yield
q. (So each dividend payment is equal to q/m of the stock price and the payments are made at times
t+1/m, t+2/m, ..., wheret is the current time.) Suppose the dividends are automatically reinvested
in the stock.

(a) If you have 1 unit of stock at time t, how many units will you have 1/m years later when the first
dividend is paid?

(b) If T — t is an integer multiple of 1/m, use a replication argument to show that the forward price for
the stock 1is

Sy(1 4 g/m)~m™T=

FT) = Z(t,T)

()

(c) Compute the limit as m — oo.
(d) Suppose m =1 and T —t = 0.5 (so T —t is not an integer multiple of 1/m). Show that if holds,
then you can build an arbitrage portfolio. Verify the portfolio is an arbitrage portfolio.

Solution:
(a) At time t +1/m, you have (14 q/m) units of stock.
This is because you vecetve a dividend yaymenf of %St—&-l /m cash. This is aufomaficauy reinvested to purchasa q / m

units of stock.

(b) Suppose T —t = k/m for a positive integer k. Consider two portfolios. At time t, ﬂwy are:

AN = (1+ q/m) ™I~ ynits of stock.

B: 1 Long forward contract on a unit of the stock with d@(ivery price K and mafurify T, K Z(Bs

At t+ 1/m, the first dividend is paid and A contains N(1 4 q/m) wnits of stock. At ¢+ 2/m, the second
dividend is paid and A contains N (1 + g/m)? units of stock. At T =t + k/m, the k-th dividend is paid and A

contains
N<1 + Q/m)k = N(l + Q/m)m(T_t) = (1 + Q/m)_m(T_t)(l + q/m)m(T_t) =1 wuts of stock.

Therefore VA(T) = Sy and VE(T) = Sy — K + K = Sp. So VA(T) = VB(T) with probabilify one. By
replication, VA1) = VB(t), which means

(14 q/m)"™TDG, = Vi (t,T) + KZ(t,T).
Setting K = F(t,T) and Vg (t,T) = 0 leads to

Sy(1 4 q/m)~™T=1)
Z(t,T)

F(t,T) =

(c) Since lim,,, oo (1 + q/m)fm(Tft) = e 1T 1 gcf

Su(1+ g/m) 0= ST
Z(t,T) Z(t,T)

as m — OQ.

F(t,T) =

(d) Su)o)oose m=1and T'—1t = 0.5, and suppose holds. Consider the porffo(io C which at time t looks (ike
Ci 1 long forward contract on a unit of the stock with ddiv@ry price K = F(t,T) and ma’cwify T, K=F(t1T)
Z(Bs; —N = —(1 +q/m) ™I = —(1 4 q)7"° units of stock.
Notice that basicauy C=B-—A wth Aand B from yarf (b).
Note
Vet) =0+ F(t, T)Z(t,T) — (1 +q/m)"™T8g,
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Because holds f)y assum)ofion, we have
Ve (t) =0.

The first dividend paymenf sat t+1/m=t+1. A T =1t+0.5, the first dividend }mymenf has not occurred,
so the —N units of stock that C' started with at time t has not produced any additional stock by time T
ﬂterefor@

VT)=(Sp — F(t,T))+ F(t,T) = NSp = (1 = N)Sp = (1 — (14 ¢)"*%)Sp > 0

with }Jrobabiﬁify one.
Thus C' is an arbifmga }oorffo(io.



Question 5. Let S; be the current price of a stock that pays no income. Let rpip be the interest rate at
which one can lend/invest money, and ropp be the interest rate at which one can borrow money. Both
rates are continuously compounded.

(a) Assume rgrp > ropp. Find an arbitrage portfolio. Verify it is an arbitrage portfolio.

Now assume rgip < rorF.

(b) Use a no-arbitrage argument to prove the forward price with maturity T for the stock satisfies the

upper bound
F(t,T) < Syerorr(T=1),

(c) Use a no-arbitrage argument to prove a similar lower bound for the forward price.
(d) Assume the stock has bid price Sy prp and offer (or ask) price Sy opr. The bid price is the price for
which you can sell the stock. The offer price is the price for which you can buy the stock. How do the
upper and lower bounds in (b) and (c) change? Prove these bounds using no-arbitrage.

Solution:

(a) Assume T8Jp > TOFF-
A At time t, lend 1 at vate 737 and borrow 1 at yate rosr.
We have VA(t) =0 and
VA(T) — ran(T=t) _ cro(T—1) 5

ﬂwr@fora A is an a‘fbifmg@ yorffolio.
(b) Secf(ing a contradiction, assume

F(t,T) > S,eroma—n,

Then
F(t,T) — S4e’7-0 > 0

We want a )oorffoﬁio whose value at T is the left-hand side of this in@gualify and whose value at t is zevo.

Consider a )oorffolio A that is @m)ofy at time t. So VA(t) = 0.

At time t we short 1 forward contract with mafwify T and ddiv@ry price cyua( to the forward price F(t,T).
This has zero value. We also borrow S; cash. This gives us Sy cash in hand, and a debt of Sy cash accruing interest
at continuous rate ro7r. }Vinauy, we use the Sy cash to buy 1 stock.

After these transactions at t, we have

A1 short forward with mafurify T and c(divcry price egua( to the forward price I’ (t,T); 1 stock; —S; cash
accruing interest at continuous rate roFf.

At time T, the short forward matures and we give the 1 stock we own to the Long counfmoarfy n @%dmngc for
F(t,T) cash. Our cash debt has become Sy (T'=t),

war@fom
VAT) = F(t,T) — Sy’ > ()

So A is an arbifmge yorffo(io‘ This contradicts the no—arbifmg@ assum}afion.
ﬂwrcfor@ we must have
F(t,T) < Spemomr-n

(c) We will prove the lower hound
Spe"mr—1 < F(t,T).

Scdcing a contradiction, assume

Spemnr—n > F(¢,T)

Then
—F(t,T) + S > 0
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We want a portfolio whose value at 1" is the left-hand side of this incguaéify and whose value at t is zero.

Consider a portfolio A that is am}:fy at time t. So VA(t) = 0,

At time t we go long 1 forward contract with maturity 1" and delivery price equal to the forward price F'(t,T).
This has zero value. We also borrow 1 stock. This 5iv@s us 1 stock, and a debt of 1 stock. We sell the stock for Sy cash,
then invest/lend this cash at continuous rate 733p.

After these transactions at t, we have

A 1 long forward with maturity T and delivery price equal to the forward price FI(,T); —1 stock; Sy cash
accruing interest at continuous rate 737

At time T, the long forward matures and we yeceive 1 stock in exchange for paying F (t,T) cash. Since our cash
imvestment has become Spe™™ (T 1we are chf with S T-0 — F(t,T) cash. We use the 1 stock we received to
pay our debt of 1 stock.

Therefore

VAT) = —F(t,T) + Sie"n@-0 > (.

So A is an arbifmg@ )oorffoﬁio‘ This contradicts the no—arbifmg@ assum}afion.
ﬂwrcfor@ we must have
StGTBJD(T—t) S F(uT)

(d) We will prove
S0 < F{t,T) < S,grre 0.

We start by proving the upper bound for F'(t,T):
P, T) < Sycpreronr—

S@@king a contradiction, assume

F(t,T) > Syopreomr=n,

Then
F(t, T) — StVOﬁeromT_” >0

We want a yorffo(io whose value at T is the left-hand side of this in@gua(ify and whose value at t is zevo.

Consider a portfolio A that is empty at time 1. So VA(t) = 0.

At time t we short 1 forward contract with mafurify T and dzﬁiv@ry price equal to the forward price F(t,T).
This has zero value. We also borrow St 077 cash. This gives us Sio77 cash in hand, and a debt of Sy 077 cash accruing
interest at continuous rate 77y ﬁnauy, we use the St orr cash to buy 1 stock.

After these transactions at t, we have

A 1 short forward with mafurify T and dzliv@ry price @gual to the forward price F(t,T); 1 stock; —S; cash
accruimg intevest at continuous rate rorr.

At time T, the short forwarct matures and we give the 1 stock we own to the Long counfar)oarfy m a%dmng@ for
F(t,T) cash. Our cash debt has become S; zape™7 T,

ﬂwrefor@

VAT) = F(t,T) — S;o5e" 0= >

and
VAt) = —Veur (t,T) + Sizip — Siam =0

So A is an arbifmge porffolio. This contradicts the no-arbifmg@ assum)ofion.
ﬁwrefor@ we must have

F(t,T) < S;oppe 7T,

Now we prove the lower hound
Sypme ™0 < F(t,T).

8



Sccfting a contradiction, assume

Syame ™= > F(t,T)

Then
—F(t,T) + Sy ape"™ ™0 > 0

We want a yorffolio whose value at T is the left-hand side of this in@gualify and whose value at t is zero.

Consider a portfolio A that is empty at time 1. So VA(t) = 0.

At time T we go long 1 forward contract with mafurify T and ddivery price @7ua£ to the forward price F'(t,T).
This has zero value. We also borrow 1 stock. This gives us 1 stock in hand, and a debt of 1 stock. We sell the stock for
Staap cash, then invest/lend this cash at continuous rate 733

After these transactions at t, we have

Aa Cong forward with mafurify T and dzliv@ry price @9ua( to the forward price F/(t,T); —1 stock; Syz3p cash
accruing interest at continuous rate 733

At time T, the Long forwari matures and we receive 1 stock in e%cfmnga for paying F(t,T) cash. Since our cash
investment has become St,BJDeWD(T*” , We are (eff with StBJ@eTB?@(T*t) —F (t, T) cash. We use the 1 stock we yeceived
to pay our debt of 1 stock.

ﬁwr@forc

VAT) = —F(t,T) 4 Sy zgpe™@=0 > 0.

So A is an arbifmge )oorffolio. This contradicts the no—arbifmg@ assum}afion.
ﬂwrefor@ we must have
SLBJ\DeTBJD(T*t) S F(t, T)



