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1. (10 points) Suppose that f(x) is integrable and f(x) ≥ 0 on [a, b]. Prove that f 2(x)

(i.e., the function (f(x))2 ) is integrable on [a, b].

First, f integrable =⇒ f bounded =⇒ ∃M > 0 such that |f | ≤M on [a, b].

Second, note that Mi(f
2) ≤ (Mi(f))2 since Mi(f)2 is an upper bound for f 2, and, similarly,

mi(f
2) ≥ (Mi(f))2 since mi(f)2 is a lower bound for f 2.

Let ε > 0.

Because f integrable, ∃ partition P of [a, b] such that U(f, P )− L(f, P ) < ε
2M

.

Then we compute

U(f 2, P )− L(f 2, P ) =
n∑
i=1

(Mi(f
2)−mi(f

2))(ti − ti−1)

≤
n∑
i=1

(Mi(f)2 −mi(f)2)(ti − ti−1)

=
n∑
i=1

(Mi(f) +mi(f))(Mi(f)−mi(f))(ti − ti−1)

≤ 2M
n∑
i=1

((Mi(f)−mi(f))(ti − ti−1)

≤ 2M [U(f, P )− L(f, P )] < ε

Since ε > 0 was arbitrary and we showed ∃ partition P of [a, b] such that U(f 2, P ) −
L(f 2, P ) < ε, we conclude f 2 is integrable on [a, b].
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2. (10 points) Suppose that f(x) is bounded on [0, 1] and integrable on [δ, 1] for all

0 < δ < 1. Prove that f(x) is integrable on [0, 1].

f bounded =⇒ ∃M > 0 such that |f | ≤M on [0, 1].

Let ε > 0. Let δ = ε
4M

.

Because f integrable on [δ, 1], ∃ partition P ′ of [δ, 1] such that U(f, P ′)− L(f, P ′) < ε
2
.

Let P = {0} ∪ P . Then P is a partition of [0, 1].

And

U(f, P )− L(f, P ) < δ · 2M +
ε

2
= ε
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3. (10 points) Find a number c > 0 such that the area under the curve

f(x) =
1

48 + x3

and above the x-axis from x = c to x = 2c is maximized.

The area in question is

F (c) =

∫ 2c

c

1

48 + x3
dx.

f is continuous, so by FTC2 F (c) is differentiable, and

d

dc

∫ 2c

c

1

48 + x3
=

2

48 + (2c)3
− 1

48 + c3

This is never undefined for c > 0 and is zero when

2

48 + (2c)3
=

1

48 + c3

or

2(48 + c3) = 48 + 8c3

which occurs when

48 = 6c3

or

c = 2.

For c < 2, we have 48 > 6c3, and therefore 2(48+ c3) > 48+8c3, etc, so F ′(c) > 0. Similarly,

c > 0 =⇒ F ′(c) < 0, so c = 2 is a maximum by the first derivative test.
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4. (10 points) Determine whether the following improper integrals converge or diverge.

You must justify your answer.

(a) I =

∫ ∞
8

√
1

x5/3 − 1
dx

First note √
1

x5/3 − 1
≥
√

1

x5/3
=

1

x5/6

But 5/6 < 1 means
∫∞
8

dx
x5/6

diverges, so, by the Comparison Test, I diverges as well.

(b) I =

∫ ∞
1

arctan(x)

x2 + x
dx

First note arctan(x) ≤ π
2

for all x ∈ R, so

arctan(x)

x2 + x
≤ π

2
· 1

x2 + x
≤ π

2
· 1

x2

But ∫ ∞
1

π

2
· 1

x2
=
π

2

∫ ∞
1

1

x2

But 2 > 1 means
∫∞
1

dx
x2

converges, so
∫∞
1

π
2
· 1
x2

converges, so by the Comparison Test,

I converges as well.
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5. (10 points) Show that ∫ π/2

0

sinx+ cosx

1 + x2
dx ≤ π√

2
.

[Hint: What is the maximal value of the numerator?]

Let f(x) = sin x + cosx. Then f ′(x) = cos(x) − sin(x), which is never undefined and only

equals zero when cos(x) = sin(x) =
√

1− cos2(x) or cos(x) = 1√
2

(which must therefore also

be the value of sin(x), since they are equal, so f(x) = 2√
2

at this point – which we “know”

is π
4
, but we don’t know is π

4
). The value of f at the endpoints of [0, π

2
] is 1, so f(x) ≤ 2√

2

on [0, π
2
]. Thus, since arctan(x) ≤ π

2
for all x ∈ R∫ π/2

0

sinx+ cosx

1 + x2
dx ≤ 2√

2

∫ π/2

0

1

1 + x2
dx ≤ 2√

2
[arctan(π/2)− arctan(0)] ≤ 2√

2
· π

2

which gives the desired bound. You could also use∫ π/2

0

sinx+ cosx

1 + x2
dx ≤ 2√

2

∫ π/2

0

1

1 + x2
dx ≤ 2√

2

∫ π/2

0

1 dx ≤ 2√
2
· π

2
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6. (10 points) Calculate:

(a)
d

dx

∫ 2x

log(2)

(1 + t2) dt

By FTC1, since (1 + t2) is continuous, we get

(1 + (2x)2)2x log(2)

(b) For x > 1,
d

dx

(
log(x)sin(x)

)

By definition,

log(x)sin(x) = esin(x) log log(x)

so

d

dx

(
log(x)sin(x)

)
=

d

dx
esin(x) log log(x) = esin(x) log log(x)

[
cos(x) log log x+ sin(x)

1

x log x

]
=

log(x)sin(x) ·
[
cos(x) log log x+ sin(x)

1

x log x

]

(c) lim
x→∞

∫ x

1

1

t3

lim
x→∞

∫ x

1

1

t3
= lim

x→∞

−1

2
t−2
∣∣∣∣∞
1

= lim
x→∞

(
−x−2

2
+

1

2

)
=

1

2
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