Math 171: Honors Calculus I1
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Your University ID Number:
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Pledge of Honesty
I affirm that I will not give or receive any unauthorized help on this exam and that all work
will be my own.

Signature:

e The use of calculators, cell phones, iPods, and other electronic devices at

this exam is strictly forbidden.

e Show your work and justify your answers. You may not receive full credit
for a correct answer if insufficient work is shown or insufficient justification

is given.
e Put your answers in the spaces provided.

¢ You are responsible for checking that this exam has all 7 pages.
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1. (10 points) Suppose that f(x) is integrable and f(z) > 0 on [a,b]. Prove that f?(z)
(i.e., the function (f(x))? ) is integrable on [a, b].

First, f integrable = f bounded = 3M > 0 such that |f| < M on [a, b].

Second, note that M;(f?) < (M;(f))? since M;(f)? is an upper bound for f?, and, similarly,
m;(f?) > (M;(f))? since m;(f)? is a lower bound for f2.

Let € > 0.
Because f integrable, 3 partition P of [a,b] such that U(f, P) — L(f, P) < 53;.

Then we compute

n

U(f?,P) = L(f*, P) = Y (Mi(f*) = mi(f*))(t: — ti1)

i=1

< D (Mf)P =il 1))t — i)
=N (Mi(f) + ma(£) (M) — mi( )t — tioa)

=1

<2M Z((Mi(f) —mi(f))(t; —tiz1)

<2M[U(f,P)— L(f,P)] <€

Since € > 0 was arbitrary and we showed 3 partition P of [a,b] such that U(f? P) —
L(f?, P) < ¢, we conclude f? is integrable on [a, b].



2. (10 points) Suppose that f(z) is bounded on [0,1] and integrable on [4,1] for all
0 < 0 < 1. Prove that f(z) is integrable on [0, 1].

f bounded = 3IM > 0 such that |f| < M on [0, 1].

Let € > 0. Let 6 = ;3;.
Because f integrable on [6, 1], 3 partition P’ of [4, 1] such that U(f, P') — L(f, P') < 5.
Let P ={0}U P. Then P is a partition of [0, 1].

And
U(f, P) — L(f, P) <5-2M+§=e



3. (10 points) Find a number ¢ > 0 such that the area under the curve

1

I =55a

and above the z-axis from z = ¢ to x = 2¢ is maximized.

The area in question is
1

2c
F(c):/C 81 dx.

f is continuous, so by FTC2 F(c) is differentiable, and

d [* 1 2 1

de . 48+ 23~ 48+ (203 48+ 3

This is never undefined for ¢ > 0 and is zero when

2 1
48 + (2¢)3 48 + ¢3

or
2(48 4 ¢*) = 48 + 8¢*

which occurs when
48 = 6¢°
or

c=2.

For ¢ < 2, we have 48 > 6¢®, and therefore 2(48 + ¢*) > 48 +8¢?, etc, so F’(c) > 0. Similarly,
c>0 = F'(c) <0, so c=2is a maximum by the first derivative test.



4. (10 points) Determine whether the following improper integrals converge or diverge.

You must justify your answer.
< /1

First note

1 S 1 _ 1
r5/3 1~ r5/3  5/6

But 5/6 < 1 means fgoo z@% diverges, so, by the Comparison Test, I diverges as well.

(b) [:/ arCQtan(:c) e
1 P4z

First note arctan(z) < 7 for all x € R, so

arctan(z)
2+

oo o0 .
But 2 > 1 means f1 % converges, SO fl 5 $_12 converges, so by the Comparison Test,

I converges as well.



5. (10 points) Show that

/2 o
/ smx+cosa:dxgi.
0 1+ 22 V2

[Hint: What is the maximal value of the numerator?]

Let f(x) = sinx + cosz. Then f’(z) = cos(z) — sin(x), which is never undefined and only

equals zero when cos(z) = sin(z) = /1 — cos?(x) or cos(x) = \% (which must therefore also

be the value of sin(z), since they are equal, so f(x) = \% at this point — which we “know”

™ 2

is 7, but we don’t know is 7). The value of f at the endpoints of [0, %] is 1, so f(z) < >

on [0, 5]. Thus, since arctan(z) < 7 for all z € R

/”/2 sinx + cosx
0 1+ 22

Sl
)
DO |

2 (™ 1 2
dx S E/O mdl‘ S E[arctan(ﬁ/m — arctan((])] S

which gives the desired bound. You could also use

T/2 o: /2 /2
[y, 2 e 2 e 2
i 1522 V2o 1422 V2 Jo 2

b 3



6. (10 points)  Calculate:

d (%

a) — (1+t%) dt
dx log(2)

By FTC1, since (1 + t?) is continuous, we get

(1+(27)%)2" log(2)

d sin(x
(b) For x > 1, %(log(:c) ( ))

By definition,
log(l,)sin(x) _ esin(m) log log(z)

SO

d : 1
— ¢8in(@) loglog(z) _ psin(@) log log() [COS(I) log log = + sin(x) ] =
xlogz

d .
el sin(x) _
dx (log(x) ) dx

: 1
log(2)*™® . | cos(z) log log = + sin(z) TTog x}

1




