MATH 165 Linear Algebra and Differential Equations

Final Exam
December 18, 2022

Name:

UR 1ID:

Circle your instructor’s name:
Salur Hopper Chaves Han
Instructions for the midterm you will be taking:

e The presence of calculators, cell phones, and other electronic devices at this exam
is strictly forbidden. Notes or texts of any kind are strictly forbidden. If you have
questions, get the attention of your exam proctor; otherwise no communication is

allowed during the exam.

e Show your work! You may not receive full credit for a correct answer if insufficient
work or insufficient justification is given. In your answers, you do not need to simplify
arithmetic expressions like /52 — 42. However, known values of functions should be

evaluated, for example, Ine,sin, e®. Be sure to include units when applicable!
e The exam is 2 hour, 30 minutes and is worth 200 points.
COPY THE HONOR PLEDGE AND SIGN (Cursive is not required)

I affirm that I will not give or receive any unauthorized help on this exam, and all work

will be my own.

YOUR SIGNATURE:




Part A Part B
QUESTION | VALUE | SCORE QUESTION | VALUE | SCORE
1 20 7 15
2 20 8 15
3 15 9 20
4 15 10 15
5 15 11 15
6 15 12 20

TOTAL 100 TOTAL 100




Part A
1. (20 pts)

(a) Find the general solution of the differential equation

d
th—Zt/ +ty = 2",

(Your solution should be explicit, i.e. solved for y.)

Solution:




(b) Solve the initial value problem

dy _ wsin(z)
dv — 6y2 '

y(0) = —2.

Solution:




2. (20 pts) Suppose that the population of a city increases with rate proportional to the
population itself. The population was 20 thousand in the year 2000 and 24 thousand in the
year 2020.

(a) Find the population P(t) (in thousands) in the year ¢.

P(t) =

(b) The population is expected to be Y thousand in the year 2040. Find the value of Y.

(Your answer should be an explicit number without constants such as e.)




3. (15 pts) Use either Gaussian or Gauss-Jordan elimination to find the solution(s) to the

following system of linear equations:

r+2y+2=3
20 —y+2z2=1
r+y+3z=4
Write your answer in vector format. If the system is inconsistent, write “inconsistent”.

Justify your answer. (No credit will be given for a method not based on either Gaussian or

Gauss-Jordan elimination)

Answer:




4. (15 pts) Consider the following matrix.

-1 -5 -2 2 3
A=10 0 1 -1 -3
o 0 0 0 1

(a) Determine a basis and the dimension of rowspace(A). Justify your answer.

Answer:

(b) Determine a basis and the dimension of colspace(A). Justify your answer.

Answer:

(c¢) Determine the dimension of nullspace(A). Justify your answer.

Answer:




5. (15 pts) Find the values of k so that the following matrix is NOT invertible.

1 3 -1
A= 3 0 3k
-1 3 k*—4

Answer:




6. (15 pts) For each set of vectors S in the vector space V | decide which category S fits
into (You must show all your work to receive credit):
[. S is linearly independent and spans V.
IT. S is linearly independent and does not span V.
ITI. S is linearly dependent and spans V.

IV. S is linearly dependent and does not span V'

0 —2
(a) V= R?), S - 2 ) 6 ) 0
1 -5 4

Answer:




(b) V=PR(R), S={2z*+1, z+2, 2> — 2z — 3}

Answer:

10 1 0 11
veseamee {3 ()

Answer:

10



Part B
7. (15 pts) Let v = <

matrices

1
3). Consider the subspace W of V' = Ms,5(R) consisting of the

W={AeV|Av =0}
Find a basis for W and determine dim(W).

Answer:

11



8. (15 pts) Let T: Po(R) — Msy«o(R) be the linear transformation given by

NI
)= <2f(1) 21(1) - f’(1)> |

(a) Find a basis for the kernel of T

Answer:

12



(b) Determine the dimensions of the kernel and range (i.e. image) of 7. Justify your

answer.

Answer:

(c¢) Find a basis for the range of T'.

Answer:

13



9. (20 pts) Consider the following matrix.

2 1 0
A=1-2 -1 0
1 1 1

(a) Determine all eigenvalues of A with their multiplicities.

Answer:

14



(b) For each eigenvalue A of A, find a basis for the eigenspace F).

Answer:

(c¢) Determine whether A is defective or nondefective. You should justify your answer.

Answer:

15



10. (15 pts) Find the general solution to the differential equation

y" — 5y 4+ 6y =1+ 6t +5e 2

Solution:

16




11. (15 pts) Solve the initial value problem

" 436y = 0, (5)=3 v (5)=-2
y" + 36y v (g v (G

Solution:

17




12. (20 pts) Suppose z;(t) and z»(t) are differentiable functions satisfying the system of

differential equations

)= —2x + 171,

rh= —mx — 4xs.

(a) Specify a vector x and matrix A such that vector formulation of the above system is

x = Ax.

17

(b) Determine the particular solution of x’ = Ax where x(0) = ( ) . (Your answer may

be in vector form.)

Solution:

18



THIS PAGE INTENTIONALLY LEFT BLANK. Do not tear this page off. You
may use this page if you run out of space. Make sure to label your solution(s) on this page
and also include a note on the problem page(s) telling the grader(s) to look for your work

here.

19



