Written homework number 2

Due, Friday, February 9, 2024, 11:59PM

The following homework submission standards will apply. If you do not meet
them, the homework will be rejected and will count as one of the three that are dropped.

You must upload the pages in order. You must mark all the pages for each problem.
You must match each all the problems (problem 1, problem 1.1, etc...) The pages must be
rotated to the correct orientation. The homework should be legible The handwriting should
be legible Don’t try to squeeze things in with extra small writing The scan should be a
decent quality (no shadows, etc...)

1. For this entire problem, assume an object of mass m falls from rest, starting at a point
near the Earth’s surface. We discussed the free-fall model with air resistance proportional to
the velocity of the object (see section 1.4 of our text). For this problem we will investigate
a free-fall model with air resistance proportional to the square of the velocity F, = £kv?,
where k& > 0 is a constant of proportionality depending on the size and shape of the object,
as well as the density and viscosity of the air. The square model has been shown to be more
appropriate for some objects at high speeds.

(a) Taking the positive direction downward (as in the linear air resistance model in section
1.4) and assuming F, is proportional to v? as mentioned above, model a differential equation
for the velocity of the object v(t), similar to equation 1.4.10 on page 38. Warning: make
sure your resistance term has the correct sign.

(b) Find the general solution to the equation in part (a) and apply your initial condition to
find the particular solution below, explicitly solving for v(t) (show enough work to display

how it is derived):
v(t) = %tanh ( ﬁzf) :
m

where tanh(z) = Zj;i:z is the hyperbolic tangent. Hint: The following integral formula
should be helpful [ a2d_“u2 = % In|%e) 4+ C.

(c) Take lim;_,o v(¢) to find the terminal velocity vy. Show that v = vy is an equilibrium
solution.



2. Consider the cascade of two tanks shown in the figure below.

O

Suppose the top tank (we will call that tank 1) initially contains V; = 100 gal of brine (salt
solution) and tank 2 initially contains V5 = 200 gal of brine. Each tank initially contains 50
Ibs of salt. The three flow rates indicated in the figure are each 10 gal/min, with pure water
flowing into tank 1. Assume the tanks are well-mixed at all times, i.e., the density of salt in
the brine solution is uniform throughout a given tank, at a given instant of time.

(a) Find the amount z(t) of salt (measured in lbs) in tank 1 at time ¢ (measured in minutes).

(b) Suppose that y(t) is the amount of salt (measured in lbs) in tank 2 at time ¢ (measured

in minutes). Show first that
dy 10z 10y

dt 100 200°
and then solve for y(t), using the function x(¢) found in part (a).

(¢) Find the maximum amount of salt ever in tank 2.



