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• The presence of any electronic or calculating device at this exam is strictly

forbidden, including (but not limited to) calculators, cell phones, and iPods.

• The presence of notes is strictly forbidden.

• Show work and justify all answers. You may not receive full credit for a

correct answer if insufficient work or justification is given. Please record

your final numerical answers in the answer boxes, where these are provided.

• Part A of the exam consists of Problems 1-7 and Part B of the exam consists

of Problems 8-14.

• You are responsible for checking that this exam has all 28 pages.

HONOR PLEDGE :

I affirm that I will not give or receive any unauthorized help on this exam, and all work will

be my own.
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Part A

1. (10 points) Find the general solution of the differential equation

(x2 + 3) dy − (2xy − 2x) dx = 0.

Answer:

2



2. (10 points) A tank whose volume is 40 L is initially half full with fresh water. A

solution containing 10 g/L of salt is pumped into the tank at a rate of 4 L/min, and the

well-stirred mixture flows out at a rate of 2 L/min. How much salt is in the tank just before

the solution overflows?

Answer:

NOTE: THERE IS MORE ROOM TO WORK ON THE NEXT PAGE.
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Continue working on Problem 2 here.
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3. (10 points) Let

A =



a b c

d e f

g h i




and assume detA = 1. Find the determinants of the following matrices:

(a)

B =



d− 2a e− 2b f − 2c

2g − 3d 2h− 3e 2i− 3f

−4a −4b −4c




Answer: detB =

5



(b)

C =



a+ 2b d+ 2e g + 2h

3b− 5c 3e− 5f 3h− 5i

b e h




Answer: detC =

6



4. (10 points) For the following vector spaces V , determine whether or not the given set

W is a subspace of V . In either case, justify your answer thoroughly.

(a) V = M3(R) (i.e., the vector space of 3× 3 matrices with real elements) and

W = {A ∈ V
��AT = 2A}.

Circle one answer. W is a subspace: YES or NO.
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(b) V = C1(R) (i.e., the vector space of differentiable functions on R, whose derivative

is continuous) and W is the subset of V consisting of those functions satisfying the

differential equation

y� = y2 + 2y

on R.

Circle one answer. W is a subspace: YES or NO.
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5. (10 points) Determine a spanning set S for the subspace of R3 consisting of all solutions

to the linear system 


2x1 − 3x2 + 5x3 = 0,

3x1 − 4x2 + 7x3 = 0.

Answer: S =

9



6. (10 points) Using the Wronskian, show that the functions

f1(x) = sin x, f2(x) = cos x, f3(x) = tan x,

are linearly independent on the interval (−π/2, π/2).
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7. (10 points) Find, with proof, a basis B for the subspace of M2(R) spanned by

�
−1 1

0 1

�
,

�
1 3

−1 0

�
,

�
1 0

1 2

�
,

�
0 −1

2 3

�
.

Answer: B =

NOTE: THERE IS MORE ROOM TO WORK ON THE NEXT PAGE.

11



Continue working on Problem 7 here.
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Part B

8. (10 points) Let

A =



2 −1 1 4

1 −1 2 3

1 −2 5 5


 .

(a) Determine a basis B for colspace(A).

Answer: B =

NOTE: THERE IS MORE ROOM TO WORK ON THE NEXT PAGE.
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Continue working on part (a) here.

(b) Using the Rank-Nullity Theorem, compute the nullity of A.

Answer: nullity(A) =

14



9. (10 points) Consider the matrix

C =



−3 1 0

−1 −1 2

0 0 −2


 .

(a) Find all eigenvalues of C.

Answer:

15



(b) Determine a basis for each of the eigenspaces associated to C.

Answer:

NOTE: THERE IS MORE ROOM TO WORK ON THE NEXT PAGE.
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Continue working on part (b) here.

(c) Using the previous parts, argue whether C is defective or nondefective.

Circle one answer. C is defective: YES or NO.
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10. (10 points) If T : R3 → R3 is a linear transformation satisfying

T (1, 2, 0) = (2,−1, 1), T (0, 1, 1) = (3,−1,−1), T (0, 2, 3) = (6,−5, 4),

find the matrix A associated to T (i.e., find the matrix A such that T (x) = Ax.)

Answer:

A =

NOTE: THERE IS MORE ROOM TO WORK ON THE NEXT PAGE.
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Continue working on Problem 10 here.
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11. (10 points) Consider the linear transformation T : P2(R) → M2(R) given by

T (ax2 + bx+ c) =

�
a+ b b+ c

b+ c a− c

�
.

(a) Determine a basis for Ker(T ).

Answer:

20



(b) Determine a basis for Rng(T ).

Answer:

21



12. (10 points) Solve the initial value problem




y��� + 2y�� − 4y� − 8y = 0,

y(0) = 0, y�(0) = 6, y��(0) = 8.

Answer: y(x) =

NOTE: THERE IS MORE ROOM TO WORK ON THE NEXT PAGE.
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Continue working on Problem 12 here.
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13. (10 points) Find the general solution to the differential equation

(D2 +D − 2)y = 4 cos x− 2 sin x.

Answer: y(x) =

NOTE: THERE IS MORE ROOM TO WORK ON THE NEXT PAGE.
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Continue working on Problem 13 here.
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14. (10 points) Determine the general solution to the system





x�
1(t) = 2x1(t) + 3x3(t),

x�
2(t) = −4x2(t),

x�
3(t) = −3x1(t) + 2x3(t).

Answer:



x1(t)

x2(t)

x3(t)


 =

NOTE: THERE IS MORE ROOM TO WORK ON THE NEXT PAGE.
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Continue working on Problem 14 here.
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SCRATCHWORK.
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