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Part A

1. {20 pts)

[10 points] (a} Find the solution to the differential equation
dy

3r-eWal4 152 =0

dr

which satisfies the initial condition y{0) = 0.
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(10 points] {b) Find the solution to the differential equation

¥ 4 ycosx = Beosx

which satisfies the initial condition y{0) = 7.
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Answer: y(z) =
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2. (14 pts)

Use Gauss-Jordan row reduction to find the inverse of the matrix

if it exists.

Answer: A - 5 -I ,3
I
(




3. (15 pts) Consider a system of lincar equations Ax = b where A is an m X n matrix. Let
r = rank(A}. In each of the following cases, what can be said about the number of solutions
to the system?

1. If m = n and A is invertible, then the system

a) is inconsistent.

(
(

)

b} has a unique solution.

{c) has infinitely many solutions.
)

(d) Further information is necessary to determine which of {a), (b) or {c) occur.

|Answer: {Write one of the letters ’a,b,c’ or ’d'): b ]

2. 'm = nand A is not invertible, then the system

(a) is inconsistent.
{b) has a unique solution.
{c) has infinitely many solutions.

{d) Further information is necessary to determine which of (a), (b) or {¢) occur.

tAnswer: (Write one of the letters ’a,b,c’ or ’d’): d |

3. lfm=n,r <nandb=0 then the system

(a) is inconsistent.
{b) has a unique solution.
(c) has infinitely many solutions.

{d) Further information is necessary to determine which of (a), (b) or (c) occur.

anwer: (Write one of the letters 'a,b,c’ or ’d’): |

4. If m < n and b = 0, then the system

(a) is inconsistent.
{b) has a unigue solution.
(¢) has infinitely many solutions.

(d) Further information is necessary to determine which of (a), (b} or (c) oceur.

liknswer: {Write one of the letters ’a,b,c’ or 'd’): |

5. If m>n, r = n and b = 0, then the system

{a} is inconsistent.
(b} has a unique solution.
{c) has infinitely many solutions.

(d) Further information is necessary to determine which of (a), (b) or (c) occur.

anwev: (Write one of the letters 'a,b,c’ or *d’): b I




4. (20 pts)

|10 points| {a) Find the determinant of

3
M=12
0

D
<o~

deAh = - 32’_‘;" :—(2(+9.):-?-?

Answer: det{Af) =

-23

(10 points] (b) Suppose A is a 4 x 4 matrix with det(4) = 3 and B is obtained from A by
subtracting 2 times row 3 from row 2. Then:

(i) det(24) = ch 2= Yy

(i) det(AT) = 3

|
(iii) det(A~1) = / 5

{iv) det{A3) = 27
(v) det{B) = 3




(16 pts) Determine which of the following subsets of Py are subspaces of Ps. (P; is
the vector space of real polynomials of degree 3 or less.) For each subset, circle NO if it is
not a subspace and list a subspace propertly that fails for this subset in the provided slot.
Circle YES if it is a subspace and in this case find and enter the dimension of this subspace
in the slot provided.

(a) Sy ={p(t)y e Py | p'(t) —p(t) + 3 =0 for all £}

t is not a subspace. A subspace property that fails to hold is ‘ﬁCkS TENO

S it is a subspace and its dimension is

(b) 82 = {p(¢) € P3| p(—t) = —p(t) for all £}

atbtr ke dd® = a-bt rA=d€®
—3 p=d=0

NO it is not a subspace. A subspace property that fails to hold is
it is a subspace and its dimension is

(c) Ss={p(t) € P3| p(0) =1}

isnot a subspace. A subspace property that fails to hold is ldc‘% a2
YES it is a subspace and its dimension is

(d) Su={p(t) € P 19'(2) = p(1}} )({, 26(2.)4"3& ('z)z-.-_-. a.}-/(. c+69-
a=3c+1d

NG it is not a subspace. A subspace property that fails to hold is
t is a subspace and its dimension is




@(1.5 pts)

The reduced row echelon form of

1 -6 0 3
A=|21 -4 0 -1
0 -6 1 12
is
1 0 -2 0 4
=10 0 -9
00 01 0

{3 points} (a) The rank of A is

|Answer: Rank of A is: 3 l

Answer: Reason given for answer above: HM 3 P\‘V‘.‘f‘. ra eREF

[3 points] (b) The nullity of 4 is

| Answer: Nullity of A is: 2 |

Answer: Reason given for answer above: m“t T "rf

.
™2 anlld=s

[3 points] (¢) List a set of basis vectors for the column space of 4.

Answer: Basis for column space of A is: 3 1 )
3 ) o7y

Answer: Reason given for answer above:

[lumns |J}A oee: to Pt o jn €t

3 point.ist a set of basis vectors for the null space of A.

Answer: Basis for nullspace of A is: b _q‘«!'
' 8
ed/L5
Answer: Reason given for answer above: 7(31\{ )"G’eb
X 2'(3#\'{ h; Y
3 X3 = X311 |+X5j 0
L 0 o o
) s © |

[3 points] (e) Give an example of a nontrivial linear dependency amongst the colunn

15 of A.

Answer: Example of nontrivial linear dependency is:

1) + (d3) = 0
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Part B
1. (17 pts) For the differential equation

(D* +1)*(D + 2}y =,
{7 points] {a) Find the general solution y. to its associated homogeneous differential equation

{D? + 1)X(D + 2)y = 0. (Use real functions in your final solution, i.e. do not leave answers
in terms of complex exponentials if they occur.)

o= A+ Bunst + Csict + Db cask +Eat

Answer: y. =

46‘%4—?&0:{' + Csink +D4teoct +E€sint

[7 points](b) Find a particular solution y, to the differential equation.
9~ Fe® E t
N
2 (3) - ot
2F :4 > F=)h

Answer: y, =

| €
—}ie

[3 points|(c) Determine the general solution to the differential equation.

Answer: y =

A +-Buost +Csint +D st + E tsint +5€€




2. (16 pts) Consider the 3 x 3 matrix

3 00
A= 2 0
1 -1 2

{4 points] {(a) Determine the eigenvalues of A.

Answer: Eigenvalues are:
g; 2,2

[& points] (b) Determine the eigenspaces corresponding to each of the eigenvalues of A. In
your answer make sure to label so that it can be determined which eigenspace belongs to

which eigenvalue.
o 0 (oD 0
Q egmgfdfé Nf/\.( 0 0 0 = N\Au [% [0001 :; An( (1}

f -t - - !
Frogpee i 2301 [0 e

Answer: Eigenspaces arc:

Yogs ()] 3oyt [ 1]

(4 points] (c) Determine if A is defective. Justify your answer.

|VVrite final answer. A is defectivaCYES pr NO: YES |
Answer: Explanation:
Onl\/ 2 LT &MV\%‘MS p»’ 2% % yafnx

10




3. (17 pts) Solve the initial value problem
¥+ 06y +5y=10

with {0) = 1,y'{(0) = 0.

Xz-%fo
besinter)
= (x+ 5)(XH)
Y- Ce4Det — cip-
Y'e-5Cet _pet — ~stv-0

D=-yC
~fCc=1

Answer: y(x) =

"“lq e~ +

11



4. (15 pts) A small mass m is attached to a wall with a horizontal spring with spring
constant k. The floor the systen lies on has friction coefficient ¢. The y-axis is perpendicular
to the wall, pointing away from it, and the mass is confined to move along only this direction
for this problem. As usual, we set ¥ = 0 to be the rest position of the spring. Under these
assumptions, with no further forces besides ihose of the spring and friction, the spring
displacement y satisfies the following “simple harmonic oscillator” differential equation:

s c, Kk

+ Y + Y= 0.
where m, k, ¢ > 0 and the independent variable is time . Each part in the following scenarios
is independent of each other part with different parameters:
[6 points] {a) The system is perturbed from its rest position with some initial displacement
and velocity. Write down an inequality involving k, ¢, m under which oscillations will gen-
erally occur. Is the system called overdamped, critically damped or underdamped in this
situation?

Answer: Incquality involving k, ¢, m under which the system will undergo
oscillations: C1< km

Circle one option as answer: System is

overdamped /critically dampedn this situation.

[5 points] (b) Now assume ¢, k and m are such that the system is overdamped, write down the
general solution to the system in this case (in terms of k,m, ¢,¢ and two general constants).
What happens to the solutions when ¢ — oo? Explain the last answer carefully.

Answer: y(t) = < Jr}-l{h
T feL SR Rl SR )E

Answer: lim_, .. y(1) = O : |

Explanation of limit:
Bath - C =+ JC Ul ¢ o SO 'Hr\e &XﬂbW'h‘U&

doopy B 0 a3 + 10 ;

[5 points] {c) Now assume ¢ = 0,k = 9,m = 1. What is the natural frequency of this
system? If an external driving force F,,, = dcos(wt} is attached to the spring, for which

driving frequency w will the response be biggest (in the long run)? What is the name of the
phenomena that motivates your last answer?

|Natural frequency of the system is: ‘ﬁf&:_-_: =vq =3 |

|Resp0nse is biggest (in the long run) forw = 3 l

Name of the phenomenon responsible for your last answer;

E@Savwm @&
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5. (18 pts)

[9 points] (a) Suppose a system ' = A where A is a 2 x 2 matrix has general solution

2 3
#e=Che : |i1j| -+ Cg-‘.sr 1:2] .

TR hes avemalues 4 o<
et 9?2.%:/@{)0 [ﬁr/ 3]

A=sasT= ERAMY
= (2221 03)
"meH

= (<19 34]
—{z 23

Answer: A = _;q 36 ]
[-lz a3

[9 points] (b) Let B be a 2 x 2 real matrix which has eigenvalue 14 4i with corresponding

. 1 d . . R .

eigenvector s+ 3l Write down the general solution to £ = B# where the independent
i

variable is time {. Please make sure that the two basis solutions used in the final

form of your general solution are real valued quantities.

Aottt [ ) 4B [y )= cliayoma
“ £

é’k: fé/ODSW-r[WV{)( [L]-#[go}f)
= ot T-sr ) + ¢ et el i)

le(2) Tmi(?)

Answer: (1) -
E/~ [eslte) Sltt)
(C Zwﬁ'ﬂ 3nu{ Vf] +D[3’ws(‘m—ll}wlﬁj




6. (17 pts) Consider the second order linear ODIE:
Y + 5y + 6y = 0.

[5 points] {a) Rewrite this as a homogene¥us linear system of first order ODEs: &' = Ad.

Describe your choice of # and A explicitly. - -
escribe your choice of # and & explicitly X‘ _,V’ 3 )(’ - OXI ¥ {X'L

XL“y Xz/ry”:-fy’-(y ="Y>.<z"éxl

Answer: i = [)(' }
Y1

Answer: A = O (
[

[9 points] (b) Find the eigenvalues and corresponding eigenvectors of your matrix A from

Clarpoly: x*~f53) 4 ©)
= x4+ Sx+h
= (X +2)(xt3) 5 ekca(/wv&(l/% -2 -3

(D-egonspae = ol [35]) =l ((32)) foreo, )
= G \[;J)

-ty =t [C3 50)- Wl [2]) (05,
=S ([5)

Eigenvalues and Eigenvectors:

A=-2 A=-3
[5] ]

3 points| (¢) Write down the general solution to the system, i.e., the general solution for £.
g

e & @'Zé[jz] Y G 6#34[ ‘)3}
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part (a).




