Math 164: Multi-Dimensional Calculus

Midterm 1
October 21, 2008

NAME (please print legibly):
Your University ID Number:

Indicate your instructor with a check in the box:

Nicholas Rogers MWF 10:00 - 10:50 AM
Sema Salur MWFEF 9:00 - 9:50 AM

e The presence of calculators, cell phones, iPods and other electronic devices

at this exam is strictly forbidden.

e Show your work and justify your answers. You may not receive full credit
for a correct answer if insufficient work is shown or insufficient justification

is given.
e Clearly circle or label your simplified final answers.

¢ You are responsible for checking that this exam has all 10 pages.
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October 21, 2008 Midterm 1 Math 164 (Multi-Dimensional Calculus)

Formulas

d=/(z2—21)>+ (Y2 — 11)? + (22 — 21)?

i j ok
ﬁ'17:U1U1+U2U2+U3’U3 UX U= U1 Uz Us
V1 Vg U3
- U= |u]|V] cos @ |t x ¥] = |u]|V] sin @
L u-v L, u-v,
compzi = — ProjzU = ——1
| |
=70+ 10 n-(r—rp) =0
b
L= |7!(t)] dt
. 7 ( . T'(t _ ﬁ .
T(t) = C,() Ny = LW B(t) = T(t) x N(¢)
™ (1)) 1T (t)]
T'(t 7 () x 7 (t
iy = [FO1 0 7()
|7 (8)] |7 (8)]
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1. (12 points) Let =47 —j + k and @ = 2 + 3] — k. Find:

(a) U- W

T-=4-2—1-3+1(-1)=[4.]

(b) cosf, where 6 is the angle between o and .

g U 4 4 2
cosl = —— = = = )
00| 42 ()2 4+ 12/22 + 32+ (-1)2  VI8VI4 |3V7

(c) ascalar s such that ¥/ is orthogonal to v — si.
We'd like ¥ - (0 — sw) = 0.

T (T—si) = §-0—s(0- )

= |0])* —4s =18 — 4s.

Thus 4s = 18, or | s =

N[©

Page 3 of 10



October 21, 2008 Midterm 1 Math 164 (Multi-Dimensional Calculus)

2. (12 points) Find an equation for the plane that passes through the origin and is parallel
to the vectors 7 =17 — 2] — 3k and @ = —i+j+ k.

The normal vector for this plane must be perpendicular to both of the given vectors, so we

use the cross product.

A
ixw = |1 -2 -3
-1 1 2
=2 =31 =1 =3 -1 =2
= 1 -7 +k
1 2 -1 2 -1 1
= —i+j—k

Then the equation for the plane is given by 7i - (" — ) = 0. Since 75 = (0,0, 0) is the origin,

179 = 0 and we obtain

—x—l—y—z:O.‘
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3. (12 points) A triangle in R? has vertices A(3,4,—1), B(0,0,3) and C(1,0, —4).
(a) Find the perimeter of the triangle.

We use the distance formula three times:

AB = O3+ (0 1P+ B - (-0 = V(=3P + (-1 + £ = VL

AC = V(1 =324+ (0—4)2 + (-4 — (-1))> = V(=22 + (—4)> + (-3)? = V29;
BC = /1 -02+0—-02+(—4—32=vVI2+02+ 72 =50 = 5V2.

Thus the total perimeter is | V41 4+ V29 + 5V/2.

(b) Find the area of the triangle.

Recall that the magnitude of the cross product AB x A—C>' is the area of the parallelogram
spanned by AB and AC. The area of the triangle is half the area of this parallelogram.
Now AB = —37 — 4;'+ 4k and AC = —2i — 4}— BE, SO

i ]k
—_—  —
ABx AC = |-3 —4 4
-2 -4 =3
s|—4 4 --3 4 -1—=3 —4
= 1 -7 +k
-4 -3 -2 -3 -2 —4

= 287 — 17 + 4k.

So the area of the triangle is

— == /282 + (—17)% 4 42 V784 +289+16 V1089 133

A= :|AB x AC| :
2 2 2 2

N
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4. (10 points) Find the parametric equations for the tangent line to the graph of the
vector function F(t) = (sint, cost, 3t) at the point Py corresponding to ¢y = 0.

To find the tangent line, we need to know F, and the tangent vector F' (0).

Py = F(0) = (sin0,cos0,3(0)) = (0,1,0).
"(t) = {cost,—sint,3);
"(0) = (cos0,—sin0,3) = (1,0, 3).

So the parametrization of the tangent line is given by
7(t) = Py 4+ tF'(0) = (0,1,0) + £(1,0,3),

or equivalently,
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5. (12 points) Find the velocity ©(t), the speed |0(t)| and the acceleration @(t) for the
body with position vector 7(t) = ti + 2t] + te'k.

7(t) = |7+ 2] + (e + te)k.

V12422 + (et + tet)? =

V5 et 4 1)2

T/(t) = (' + e + teh)k =

e'(t + 2)k.
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6. (16 points) For the curve given by 7(t) = (sint)i + (cost)j + tk, find:

(a) a unit tangent vector T at the point on the curve where t = 7.

The vector 7/(t) = (cost)i — (sint)j + k is a tangent vector, so a unit tangent vector is

given by
~ 7' (t) (cost)i — (sint)j +k  (cost)i— (sint)j +k
|7 (t)] Vieos2t +sin?t + 1 V2
T () = (cosm)i — (sinm)j + k _ —L_')—i- LE
V2 2 2
(b) the curvature x when ¢t = .
1T (t)] \%K— sint)i — (cost)J|
K}(t) = = —=
(@) V2
_ Vsin’t4cos?t |1
B 2 2

(c) the length of the curve from ¢t =0 to t = 7.

L:/ab|F’(t)|dt:/0W\/§dt: 2.
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7. (8 points) Show that lim % does not exist.
(z,9)—(0,0) 2= + Y

Along the y-axis (i.e., the line z = 0),

xy . 0y

lim ——— =Ilim =
(,y)—(0,0) 22 + Y2 y—0 02 + 32

However, along the line y = z,

xTr- T . I‘Q

lim — 5 = lim ——— = lim ——
(z,y)—(0,0) T* + Y =01 4+ x z—0 21

5.
Since the two limits are not equal, the limit does not exist.

8. (10 points) Find the equation of the tangent plane to the surface

z=f(z,y) =2>+y* +sinzy  at Py =(0,2,4)

The equation of the tangent plane is given by the linearization of f(z,y) near (zo, yo) = (0, 2):

s = Log) = £0.2)+ 50.2) (0~ ) + 50.2) - o)

First observe that
£(0,2) = 0% + 2% 4 sin(0 - 2) = 4;

in fact, this piece of information is given to us as the z-coordinate of the point F,. Now

of of

%:25’3+3/00537y, SO %(0,2):2-0—1—2-005(0-2):2;
2—5—2y+xcosxy, SO 2—5(0,2)_2.24_0.(303(0.2)_4.

Putting this all together, we obtain

z2=442x—-0)+4(y —2) =2x+4y —8; or

’2x+4y—z:8.‘
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9. (8 points) Consider the surface defined by

Near the point (1, —1,1), z is defined implicitly as a function of = and y.

., 0z
(a) Find e

i z
L
Yy oz T

Differentiating both sides with respect to =z,

Rearranging and solving for g—x

1_y8z 182_2_0
y 220 x0x a?
oz (1 y\ =z 1
orx \x 22) 22 vy

z 1

02’_? y

ox |1y’

x 22

At (1,-1,1),

(b) Find g—;

Differentiating both sides with respect to y,

[2)

Rearranging and solving for 50

x 1 yoz

——4+-—=—+-—=—=0.
vy oz 220y x0y
oz (1 y\ = 1
oy\z 22) 2 2
z 1
o: |y
ox |1y’
x  z?

At (1,-1,1),
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