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1. (15 points) Find the maximum and minimum values of the function f (x, y) = 3x + 3y + 5 on
the ellipsoid x2 + 2y2 = 24.

Solution.

Using the technique of Lagrange multipliers we find that if f has a max or min at (x, y), then there
is a real number λ such that

3 = λ2x

3 = λ4y.
(1)

This means λ4y = λ2x. Since λ , 0 (otherwise, (1) would not hold), this becomes

x = 2y.

Plugging x = 2y into x2 + 2y2 = 24, we obtain

4y2 + 2y2 = 24

so y = ±2. When x = −2, we have y = −4, so

f (x, y) = 3(−2) + 3(−4) + 5 = −13.

When x = 2, we have y = 4, so

f (x, y) = 3(2) + 3(4) + 5 = 23.

Thus,
23 is the maximum

and
−13 is the minimum

of f (x, y) on this ellipsoid.
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2. (15 points) Find the points(s) on the sphere x2 + y2 + z2 = 9 on which the tangent plane is
parallel to the plane x + 2y + 2z = 11.
Solution. Let S be the surface given by F(x, y, z) = x2 + y2 + z2. Then FX(x, y, z) = 2x, Fy(x, y, z) =
2x, and Fz(x, y, z) = 2z. Suppose that (x0, y0, z0) lies on S . Then

2x0i + 2y0j + 2z0k = ki + 2kj + 2kk.

(Since the two planes are parallel, the normal vector of one plane is a scalar multiple of the other.)
Thus x0 = k/2, y0 = k, and z0 = k. Thus x2

0 + y2
0 + z2

0 = 9 implies that (k/2)2 + k2 + k2 = 9, or
9k2/4 = 9, or k2 = 4. This gives k = ±2. Hence the required points are (±1,±2,±2).
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3. (12 points) Evaluate
!

D
xex3

dA, where D = {(x, y) | 0 ≤ y ≤ 1, y ≤ x ≤ 1}.
Solution. Write "

D
xex3

dA =
∫ 1

0

∫ x

0
xex3

dy dx

=

∫ 1

0

[
yxex3]y=x

y=0
dx

=

∫ 1

0
x2ex3

dx

=

ex3

3

x=1

x=0

=
e
3
−

1
3

=
1
3

(e − 1).
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4. (12 points) Evaluate
!

R
x cos(xy) dA, where R = {(x, y) | 0 ≤ x ≤ π, 1 ≤ y ≤ 2}.

Solution. Write "
R

x cos(xy) dA =
∫ π

0

∫ 2

1
x cos(xy) dy dx

=

∫ π

0
x
∫ 2

1
cos(xy) dy dx

=

∫ π

0
x
[
1
x

sin(xy)
]y=2

y=1
dx

=

∫ π

0

[
sin(xy)

]y=2
y=1 dx

=

∫ π

0
[sin(2x) − sin x] dx

=

[
−

1
2

cos(2x) + cos x
]π

0

=

[
−

1
2

cos(2x) + cos x
]π

0

=
1
2
− 1 +

1
2
− 1

= −2.
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5. (15 points) Find the maximum rate of change of the function f (x, y) = x2e−y at the point (2, 0)
and the direction in which it occurs.
Solution. Recall that the maximum rate of change of a function f at a point (a, b) is simply
|∇ f (a, b)| and that the direction in which this is obtained is simply the direction of ∇ f (a, b).

In this case, we have ∇ f = 〈2xe−y,−x2e−y〉, so

∇ f (2, 0) = 〈4,−4〉.

Thus, the maximum rate of change is

|〈4,−4〉| =
√

42 + 42 =
√

32 = 4
√

2

and the direction in which it occurs is

1

2
√

2
〈4,−4〉 =

〈
1
√

2
,−

1
√

2

〉
.
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6. (16 points) Find and classify, as local maximum, local minimum, or saddle point, the critical
points of the function f (x, y) = x3 − 3x + 2y3 − 24y2.
Solution. We have fx(x, y) = 3x2 − 3 and fx(x, y) = 6y2 − 48y. Note that fx(x, y) = 0 if and only if
3x2 − 3 = 0 if and only if 3(x + 1)(x − 10 if and only if x = −1 or x = 1. Similarly, fy(x, y) = 0 if
and only if 6y(y − 8) = 0 if and only if y = 0 or y = 8. Thus the four critical poits are (1, 8), (1, 0),
(−1, 8), and (−1, 0).

According to the Second Derivative Test, the discriminant is

D = fxx(x, y) fyy(x, y) − f 2
xy(x, y).

However
fxx(x, y) = 6x, fyy(x, y) = 12y − 48, fxy(x, y) = 0.

Hence at (1, 8) we have D > 0 fxx > 0, so that (1, 8) is a local minimum. At (1, 0) we have D < 0
and fxx(x, y) > 0, so that (1, 0) is a saddle point. (See Note 1 and Note 2 on pages 954 and 955.)
At (−1, 8) we have D < 0 and fxx(x, y) < 0, so that (−1, 8) is a saddle point. Lastly, at (−1, 0) we
have D > 0 and fxx(x, y) < 0, so that (−1, 0) is a local maximum.
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7. (15 points)

(a) (7 points) Let w = ex+y where x = sin t, y = tu2. Find the numerical values of ∂w/∂t and
∂w/∂u when (t, u) = (π, 2).
Solution. Using the chain rule, we have

∂w
∂t
=
∂w
∂x
∂x
∂t
+
∂w
∂y
∂y
∂t
= esin t+tu2

cos t + esin t+tu2
u2 (2)

Pluggin in t = π and u = 2, we obtain

∂w
∂t

(π, 2) = −e4π + 4e4π = 3e4π.

Similarly, we have

∂w
∂u
=
∂w
∂x
∂x
∂u
+
∂w
∂y
∂y
∂u
= esin t+tu2

(0) + esin t+tu2
2tu (3)

Pluggin in t = π and u = 2, we obtain

∂w
∂u

(π, 2) = 4πe4π.

(b) (8 points) The width of a rectangle is increasing at a rate of 2 in/s., while its length is decreas-
ing at a rate of 1 in/s. At what rate is the area of the rectangle changing when the length is 5 in
and and width is 3 in.
Solution.

Since the formual for area is A(`,w) = `w, we have

dA
dt
=

dA
dw

dw
dt
+

dA
d`

d`
dt

= `
dw
dt
+ w

d`
dt

= 5(2) + 3(−1) = 7 square inches per second.

(4)
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