15.1 EXERCISES

. (a) Estimate the volume of the solid that lies below the surface
z = xy and above the rectangle

R={(x,y) | 0<x<6,0sys4}

Use a Riemann sum with m = 3, n = 2, and take the
sample point to be the upper right corner of each square.

(b) Use the Midpoint Rule to estimate the volume of the solid
in part (a).

-

2. If R = [0, 4] X [—1, 2], use a Riemann sum with m = 2,
n = 3 to estimate the value of [, (1 — xy?) dA. Take the
sample points to be (a) the lower right corners and (b) the upper
left corners of the rectangles.

3. (a) Use a Riemann sum with m = n = 2 to estimate the value
of ||, xe™ dA, where R = [0, 2] X [0, 1]. Take the sample
points to be upper right corners.

(b) Use the Midpoint Rule to estimate the integral in part (a).

4, (a) Estimate the volume of the solid that lies below the
surface z = 1 + x? + 3y and above the rectangle
R =[1,2] X [0, 3]. Use a Riemann sum with m = n = 2
and choose the sample points to be lower left corners.
(b) Use the Midpoint Rule to estimate the volume in part (a).

5. Let V be the volume of the solid that lies under the graph
of f(x,y) = /52 — x* — y? and above the rectangle given
by2=<x=<4,2=<y=<6.Usethelinesx =3 andy = 4to
divide R into subrectangles. Let L and U be the Riemann sums
computed using lower left corners and upper right corners,
respectively. Without calculating the numbers V, L, and U,
arrange them in increasing order and explain your reasoning.

6. A 20-ft-by-30-ft swimming pool is filled with water. The depth
is measured at 5-ft intervals, starting at one corner of the pool,
and the values are recorded in the table. Estimate the volume of
water in the pool.

0 5 10 15 20 25 30
0 2 3 4 6 7 8 8
5 2 3 4 7 8 10 8
10 2 4 6 8 10 12 10
15 2 3 4 5 6 8 7
20 2 2 2 2 3 4 4

7. A contour map is shown for a function f on the square
R = [0, 4] X [0, 4].
(a) Use the Midpoint Rule with m = n = 2 to estimate the
value of [f, f(x,y) dA.
(b) Estimate the average value of f.
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8. The contour map shows the temperature, in degrees Fahrenheit,
at 4:00 pm on February 26, 2007, in Colorado. (The state mea-
sures 388 mi west to east and 276 mi south to north.) Use
the Midpoint Rule with m = n = 4 to estimate the average
temperature in Colorado at that time.

14

9-11 Evaluate the double integral by first identifying it as the
volume of a solid.

9. [[,vV2dA, R={(x,y)|2<x<6-1<y<35}
10. [[,(2x + 1)dA, R={(x,y) |0sx<20sys<4}
1. [[,(4 —2y)dA, R=10,1]x[0,1]

12. The integral ([, /9 — y2 dA, where R = [0, 4] x [0, 2],
represents the volume of a solid. Sketch the solid.

13-14 Find [ f(x,y) dxand [ f(x,y) dy
13. f(x,y) = x + 3x%y? 14. f(x,y) =yJx +2

15-26 Calculate the iterated integral.

15. f joz (6x%y — 2x) dy dx 16. fnl fo' (x + y)* dx dy
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1000 CHAPTER 15 Multiple Integrals

LI flz (x + e ) dxdy
18. J:/G J:/z (sinx + siny) dy dx
19. J: LW/Z (y + y?cos x) dx dy 20. f J.I de dx
P2 on
23, f(: fow/z 1*sin’ ¢ dep dt

fol fol xyvx2 + y2dydx

. Ll Jol v(u + v)* du dv

21.

-

22, fol joz ye* Vdxdy

24,

S

2

wv

26. L‘ L‘ Js + 1 dsdr

27-34 Calculate the double integral.

27. ﬂxseczydA, R={(xy) | 0=x=<2,0<y=m/4}
R

28.

-]

ﬂ(y+xy*2)dA, R={(xy |0<x<21<y<2}

R
2
Xy . -
29.£jx2+ldA, R={ny | 0=x=1-3=y<3)
tan 6
30. ﬂ an —dA, R={(06,1) | 0=<60=m/3,0=1=3]

31. ﬂ xsin(x + y)dA, R =1[0,w/6] X [0, mw/3]

X
32, ﬂ T dA, R=10,1] %[0, 1]
33. ﬂ ye ™ dA, R =1[0,2] % [0,3]
R

ap 1
| —— = X
34 JJ 1+x+ydA, R=[1,3] X [1,2]

35-36 Sketch the solid whose volume is given by the iterated
integral.

35. J. 4 — x — 2y)dxdy

LI fol 2 —x*—=y?)dydx

37. Find the volume of the solid that lies under the plane
4x + 6y — 2z + 15 = 0 and above the rectangle
R={(x,y) | -1sx=<2,-1sy<1}

38. Find the volume of the solid that lies under the hyperbolic
paraboloid z = 3y? — x? + 2 and above the rectangle
R=[-1,1] X [1,2]

39. Find the volume of the solid lying under the elliptic
paraboloid x*/4 + y*/9 + z = 1 and above the rectangle
R=[-1,1] X [-2,2].

40. Find the volume of the solid enclosed by the surface
z = x* + xy” and the planes z = 0, x = 0, x = 5,
andy = *2.

41. Find the volume of the solid enclosed by the surface
z=1+ x*ye” and the planes z = 0, x = *1,y = 0,
andy = 1.

42, Find the volume of the solid in the first octant bounded by
the cylinder z = 16 — x? and the plane y = 5.

43. Find the volume of the solid enclosed by the paraboloid
z=2+x*+ (y —2)*and the planes z = 1, x = 1,
x=-—-1,y=0,andy = 4.

{4 44. Graph the solid that lies between the surface

z = 2xy/(x* + 1) and the plane z = x + 2y and is bounded
by the planes x = 0, x = 2,y = 0, and y = 4. Then find its
volume.

[@9 45. Use a computer algebra system to find the exact value of the

integral [[,xy’e™ dA, where R = [0, 1] X [0, 1]. Then use
the CAS to draw the solid whose volume is given by the
integral.

[@3 46. Graph the solid that lies between the surfaces

X

z=e"cos(x* + y)andz =2 — x> — y*for | x| < |
|| < 1. Use a computer algebra system to approximate the
volume of this solid correct to four decimal places.

47-48 Find the average value of f over the given rectangle.

47. f(x,y) = x*y,
R has vertices (—1, 0), (—1, 5), (1, 5), (1, 0)

48. f(x,y) =e’Vx +e’, R=1[0,4] X0, 1]

49-50 Use symmetry to evaluate the double integral.
a9. [
0

50. ﬂ (1 + x*siny + y?sinx)dA, R=[—m @] X [—m, 7]
R

+dA, R={(xy) | ~1sxs1,0sys<1}

@@ 51. Use a CAS to compute the iterated integrals

f(x+ Spdvdxand ff (;_:j}))}dxdy

Do the answers contradict Fubini’s Theorem? Explain what
is happening.

52. (a) In what way are the theorems of Fubini and Clairaut
similar?
(b) If f(x,y) is continuous on [a, b] X [c, d] and

g(x,y) = J f f(s, 1) dr ds

fora < x < b,c <y <d,show that g,, = g,, = f(x, y).
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1008 CHAPTER 15 Multiple Integrals

15.2 EXERCISES

1-6 Evaluate the iterated integral.

1. fls for (8x — 2y) dy dx 2, JZ J.:zxzy dx dy

3. fol f(: xe” dx dy 4, Lﬂ/z L‘ xsinydy dx

5. fol LS? cos(s?) dt ds

6. fol J.:U\/1+—e”dw dv

7-10 Evaluate the double integral.

7. -l[fxz.)';_ldA’ D={(x,y) | Osxs4,0$ygﬁ}

8. ff(2x+y)dA, D={xy | 1sy=s2y-1=<x=<1}
D

o. [[erar, D={wy | 0=y=30=x=)}
D

10. ffymdA, D={(x’y)|0$x§2,0$y$x}
D

11. Draw an example of a region that is
(a) type I but not type II
(b) type II but not type I

12. Draw an example of a region that is
(a) both type I and type II
(b) neither type I nor type II

13-14 Express D as a region of type I and also as a region of
type II. Then evaluate the double integral in two ways.

13. J.f xdA, Disenclosed by thelinesy =x,y=0,x=1
D

14. ﬂ xydA, D isenclosed by the curves y = x% y = 3x
D

15-16 Set up iterated integrals for both orders of integration.
Then evaluate the double integral using the easier order and
explain why it’s easier.

15. ﬂydA, Disbounded by y = x — 2, x = y?

D
16. [[ y%edA, Disbounded by y = x,y = 4,x =0
D

17-22 Evaluate the double integral.

17. ﬂxcosydA, Disboundedby y =0, y =x% x =1
D

. x- + s 1s bounde y=XY=X,X=
18 (x? 2y) dA, D is bounded by 3 0
D

19. ﬂ y2 dA,
D

D is the triangular region with vertices (0, 1), (1, 2), (4, 1)
20. ﬂ xy dA, D is enclosed by the quarter-circle
D
y=4/1 — x%, x = 0, and the axes
. ﬂ (2x — y) dA,
D

D is bounded by the circle with center the origin and radius 2

2

Py

22, ﬂ ydA, D is the triangular region with vertices (0, 0),
D

(1, 1), and (4, 0)

23-32 Find the volume of the given solid.

23. Under the plane 3x + 2y — z = 0 and above the region
enclosed by the parabolas y = x* and x = y?

24. Under the surface z = 1 + x?y* and above the region
enclosed by x = y?and x = 4

25. Under the surface z = xy and above the triangle with
vertices (1, 1), (4, 1), and (1, 2)

26. Enclosed by the paraboloid z = x* + y? + 1 and the planes
x=0,y=0,z=0,andx + y=2

27. The tetrahedron enclosed by the coordinate planes and the
plane2x +y +z=4

28. Bounded by the planesz = x,y =x,x + y=2,andz =0

29. Enclosed by the cylinders z = x?, y = x? and the planes
2=0,y=4

30. Bounded by the cylinder y? + z* = 4 and the planes x = 2y,
x = 0, z = 0 in the first octant

31. Bounded by the cylinder x*> + y* = 1 and the planes y = z,
x = 0, z = 0 in the first octant

32. Bounded by the cylinders x* + y* = r*and y? + z* = r?

{1 33. Use a graphing calculator or computer to estimate the

x-coordinates of the points of intersection of the curves
y = x*and y = 3x — x2 If D is the region bounded by these
curves, estimate ||, x dA.
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SECTION 15.2 Double Integrals over General Regions 1009

] 34. Find‘ the approximate volume of the solid in the first octant 53, f ! f ! B+ 1 dydx
that is bounded by the planes y = x, z = 0, and z = x and 0 JVE
the cylinder y = cos x. (Use a graphing device to estimate .
the points of intersection.) 54, f f/ ycos(x® — 1) dx dy
0 Jy/2

35-38 Find the volume of the solid by subtracting two volumes.

55. fol fﬂ/‘_z cos x +/1 + cosx dxdy

35. The solid enclosed by the parabolic cylinders y = 1 — x?,
y = x> — 1 and the planes x + y + z = 2,

2x + 2y —z+10=0 56. J: fj— eXAdxdy

36. The solid enclosed by the parabolic cylinder y = x* and the
planesz =3y, z =2 +y

57-58 Express D as a union of regions of type I or type II and
37. The solid under the plane z = 3, above the plane z = y, and evaluate the integral.

between the parabolic cylinders y = x*and y = 1 — x?
57. ﬂxsz 58. ﬂydA
38. The solid in the first octant under the plane z = x + y, above D D
the surface z = xy, and enclosed by the surfaces x = 0, y

= 2432 =
y =0, and x y 4 y 1 xmy—y?

(L1) y=(x+1)
39-40 Sketch the solid whose volume is given by the iterated
integral. -1

39. JOI LH (1 —x—y)dydx 40. fol fOHZ(l — x) dy dx

41-44 Use a computer algebra system to find the exact volume
of the solid.

41. Under the surface z = x*y* + xy2 and above the region 59-60 Use Property 11 to estimate the value of the integral.

bounded by the curves y = x* — xand y = x* + x -
forx =0 59. ﬂ«/4—x2y2dA, §S={(xy[x*+y*<1,x=0}
s

42, Between the paraboloids z = 2x* + y*and

2 =8 — x* — 2y and inside the cylinder x? + y> = 1 60. ﬂ sin*(x + y) dA, T is the triangle enclosed by the lines
T

43. Enclosedbyz=1—x* — y?andz =0 y=0,y=2xandx=1

44. Enclosed by z = x> + y?and z = 2y
61-62 Find the averge value of f over the region D.

45-50 Sketch the region of integration and change the order of 61. f(x,y) = xy, Dis the triangle with vertices (0, 0), (1, 0),

integration. and (1, 3)

45, j‘ol L‘f (x.y) dx dy 1. J: [:2 £ ) dy dx 62. § (i, ?2:1:(61 s;n :y,1 D is enclosed by the curves y = 0,
47. foﬂ/z ocosxf(x’ y) dy dx 48. f —22 J;)Vryzf(x, y) dx dy 63. Prove Property 11.

o [ [t [ [ e S I bl ot i b o

([ reeyaa= [ [ G dxdy + [ 7 0y dxdy

51-56 Evaluate the integral by reversing the order of integration.

51. fl j3 e dx dy 52. J‘l fl Jy siny dy dx _Sketch the region D and express the dogble mtf:gral as an
0 J3y 0 Ja? iterated integral with reversed order of integration.
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1010 CHAPTER 15 Multiple Integrals

65-69 Use geometry or symmetry, or both, to evaluate the 68. f f 2 + x%y* — y2sinx) dA

double integral. 5

65. ﬂ(x+2)dA, D={xy | x| +|y] =1}
D

D={xy |0=y<o-¥} 69. _[!(af%—by*‘—i—ﬁ)[m,

D =[—a,a] X [—b, b]

66. ﬂmm,
D

D is the disk with center the origin and radius R [E39 70. Graph the solid bounded by the plane x + y + z = 1 and
the paraboloid z = 4 — x*> — y? and find its exact volume.
67. ﬂ (2x + 3y) dA, (Use your CAS to do the graphing, to find the equations of
D the boundary curves of the region of integration, and to
Distherectangle 0 < x <q,0<y<»b evaluate the double integral.)

15.3 Double Integrals in Polar Coordinates

Suppose that we want to evaluate a double integral ([, f(x, y) dA, where R is one of the
regions shown in Figure 1. In either case the description of R in terms of rectangular
coordinates is rather complicated, but R is easily described using polar coordinates.

y y
X yr=1 | \x2+y2=4
/ N\ e \
R R \
0 X
I
0 X2+yr=1 .
FIGURE 1 @R={(r0)]|0<r<1,0<0<27} B R={(r0)|1=sr<2,0<6<m}
y Recall from Figure 2 that the polar coordinates (r, 0) of a point are related to the rect-
P(r.0) = Px.y) angular coordinates (x, y) by the equations
r .
y rr=x>+y? X =rcos 6 y=rsinf
’\ 0
0 X
* ' (See Section 10.3.)
FIGURE 2 The regions in Figure 1 are special cases of a polar rectangle

R={rn0) | asr<ba<6<p}

which is shown in Figure 3. In order to compute the double integral [[, f(x, y) dA, where
R is a polar rectangle, we divide the interval [a, b] into m subintervals [r;—y, r;] of equal
width Ar = (b — a)/m and we divide the interval [«, B] into n subintervals [6,-1, ;]
of equal width A6 = (B — a)/n. Then the circles r = r; and the rays 6 = 6; divide the
polar rectangle R into the small polar rectangles R;; shown in Figure 4.
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1014 CHAPTER 15 Multiple Integrals

y EXAMPLE 4 Find the volume of the solid that lies under the paraboloid z = x* + y?,
(x—1)2+y2=1 above the xy-plane, and inside the cylinder x* + y? = 2x.
(or rr=2cos 6) SOLUTION The solid lies above the disk D whose boundary circle has equation
\/ x* + y? = 2x or, after completing the square,
/D (x =1 +y'=1

0 \ 1 )2 * (See Figures 9 and 10.)

S In polar coordinates we have x* + y* = r* and x = r cos 0, so the boundary circle
becomes 72 = 2rcos 0, or r = 2 cos 0. Thus the disk D is given by
FIGURE 9 D={(r0) | -m/2<60<m/2,0<r<2cosh}

z and, by Formula 3, we have

2cos 6
= 2 2 _ m/2 [2cos0 , _ /2 }’_4
Vv g (x* +y*)dA L,T/z L rrdrdo Lw/z [ ll 4o

& - ™ w2 (1 + 260 \?
=4f/2 cos40d0=8f/2cos46d0=8 R L
—7/2 0 0 2

T
111

|
|
1
|

= 2{07/2 [l + 2cos 26 + %(1 + cos 40)] do

y
/2 3 3
FIGURE 10 —2[360 + sin20 + sin40] = 2(5> <1> == n

15.3 EXERCISES

1-4 A region R is shown. Decide whether to use polar coordinates 5-6 Sketch the region whose area is given by the integral and

or rectangular coordinates and write J‘j‘R f(x,y) dA as an iterated evaluate the integral.
integral, where f is an arbitrary continuous function on R. 5. f3w/4 fZ v drdb 6. r jzsinﬂ rdrdb
w/4 1 7/2 JO
1. 2. y
1
\ = 7-14 Evaluate the given integral by changing to polar coordinates.
, 7. J'J.D x?y dA, where D is the top half of the disk with center the
-1 0 1 x origin and radius 5
8. J'J'R (2x — y) dA, where R is the region in the first quadrant
enclosed by the circle x> + y* = 4 and the lines x = 0
andy = x
3 y 4. y .
9. [f,sin(x* + y*) dA, where R is the region in the first quadrant
\ between the circles with center the origin and radii 1 and 3
R y?
—1 1 ‘ 10. ﬂ ——— dA, where R is the region that lies between the
\ 0 [ X 0 13 % Xty
\R / circles x> + y> =a*and x> + y> = b’ with0 < a < b
4 N ;
i 11. [[ e"7" dA, where D is the region bounded by the semi-

circle x = /4 — y? and the y-axis
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12. ”D cos+/x% + y2 dA, where D is the disk with center the
origin and radius 2

13. [f, arctan(y/x) dA,
where R ={(x,y) | 1= x>+ y’<4, 0sy=<x}

14. fﬂfnx dA, where D is the region in the first quadrant that lies
between the circles x> + y? = 4 and x> + y? = 2x

15-18 Use a double integral to find the area of the region.

15. One loop of the rose r = cos 36

16. The region enclosed by both of the cardioids » = 1 + cos 6
andr =1 — cosf

17. The region inside the circle (x — 1)> + y*> = 1 and outside the
circle x> + y> =1

18. The region inside the cardioid » = 1 + cos 0 and outside the
circle r = 3 cos 0

19-27 Use polar coordinates to find the volume of the given solid.

19. Under the paraboloid z = x? + y* and above the disk
x2+y2<25

20. Below the cone z = /x? + y2 and above the ring
I1<x*+y’<4

21. Below the plane 2x + y + z = 4 and above the disk
XX +yris<1

22. Inside the sphere x* + y* + z? = 16 and outside the
cylinder x> + y*> = 4

23. A sphere of radius a

24. Bounded by the paraboloid z = 1 + 2x? + 2y” and the
plane z = 7 in the first octant

25. Above the cone z = /x? + y? and below the sphere
X+ yr+22=1

26. Bounded by the paraboloids z = 6 — x> — y* and
z=2x>+ 2y

27. Inside both the cylinder x> + y? = 4 and the ellipsoid
4x* + dy* + 2 =64

28. (a) A cylindrical drill with radius r; is used to bore a hole
through the center of a sphere of radius r,. Find the volume
of the ring-shaped solid that remains.

(b) Express the volume in part (a) in terms of the height & of
the ring. Notice that the volume depends only on %, not
on ry Or rp.

29-32 Evaluate the iterated integral by converting to polar
coordinates.

29. J‘OZJOVW e dy dx 30. jo“ ffz (2x + y)dxdy

SECTION 15.3 Double Integrals in Polar Coordinates 1015

31. J.I/z J“ifyz xy?dx dy
0 V3y

2. jf JX T2 dy dx

33-34 Express the double integral in terms of a single integral with
respect to r. Then use your calculator to evaluate the integral correct
to four decimal places.

33. [[, e dA, where D is the disk with center the origin and

radius 1

34, fﬂfD xy+/1 + x2 + y2 dA, where D is the portion of the disk
x? + y* < 1 that lies in the first quadrant

35. A swimming pool is circular with a 40-ft diameter. The depth
is constant along east-west lines and increases linearly from
2 ft at the south end to 7 ft at the north end. Find the volume of
water in the pool.

36. An agricultural sprinkler distributes water in a circular pattern
of radius 100 ft. It supplies water to a depth of e™" feet per hour
at a distance of r feet from the sprinkler.

(a) If 0 < R = 100, what is the total amount of water supplied
per hour to the region inside the circle of radius R centered
at the sprinkler?

(b) Determine an expression for the average amount of water
per hour per square foot supplied to the region inside the
circle of radius R.

37. Find the average value of the function f(x, y) = 1/y/x2 + y?2
on the annular region a’ < x? + y? < b% where 0 < a < b.

38. Let D be the disk with center the origin and radius a. What is
the average distance from points in D to the origin?

39. Use polar coordinates to combine the sum

—

L dd+ﬁf‘ dydx+ [ " xydyd
fl/ﬁf¢ﬁxy yax fl o Xy ayax V2 Jo Xy dyax

into one double integral. Then evaluate the double integral.

40. (a) We define the improper integral (over the entire plane R?)

1= [ e aa

RZ

= r Jx e dy dx

a—®

= lim [[ " da
Da
where D, is the disk with radius a and center the origin.
Show that

[ [ eeda = m

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



1016

CHAPTER 15 Multiple Integrals

(b) An equivalent definition of the improper integral in part (a) (c) Deduce that

is

where S, is the square with vertices (*a, *a). Use this to

[[ e aa = tim

R2

show that

e z
f e‘dxf e

e dx = \/;

—%

j f o0 gA (d) By making the change of variable t = \/5 x, show that

fi e dy = \/27

(This is a fundamental result for probability and statistics.)

41. Use the result of Exercise 40 part (c) to evaluate the following
integrals.

Ydy=m (a) f: X2 dx (b) j: Jx e dx

15.4 Applications of Double Integrals

FIGURE 1

(55 V5

ij

FIGURE 2

We have already seen one application of double integrals: computing volumes. Another
geometric application is finding areas of surfaces and this will be done in the next sec-
tion. In this section we explore physical applications such as computing mass, electric
charge, center of mass, and moment of inertia. We will see that these physical ideas are
also important when applied to probability density functions of two random variables.

B Density and Mass

In Section 8.3 we were able to use single integrals to compute moments and the center of
mass of a thin plate or lamina with constant density. But now, equipped with the double
integral, we can consider a lamina with variable density. Suppose the lamina occupies a
region D of the xy-plane and its density (in units of mass per unit area) at a point (x, y) in
D is given by p(x, y), where p is a continuous function on D. This means that

A
plx,y) = lim —~

AA
where Am and AA are the mass and area of a small rectangle that contains (x, y) and
the limit is taken as the dimensions of the rectangle approach 0. (See Figure 1.)

To find the total mass m of the lamina we divide a rectangle R containing D into sub-
rectangles R;; of the same size (as in Figure 2) and consider p(x, y) to be 0 outside D. If
we choose a point (x/5, yii J *)in R;; ;» then the mass of the part of the lamina that occupies R;;
is approximately p (x5, yif *) AA, where AA is the area of R;; ;- If we add all such masses, we
get an approximation to the total mass:

I
E p(xi, yi) AA

1 j=1

M»

i

If we now increase the number of subrectangles, we obtain the total mass m of the lamina
as the limiting value of the approximations:

m m = lim E 231 p(xi, yij) AA = J.j p(x,y) dA

Physicists also consider other types of density that can be treated in the same manner.
For example, if an electric charge is distributed over a region D and the charge density
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1024 CHAPTER 15 Multiple Integrals

FIGURE 9
Graph of the bivariate normal joint
density function in Example 8

In the next example we deal with normal distributions. As in Section 8.5, a single
random variable is normally distributed if its probability density function is of the form

o w/Co?)

fx) =

(o

where w is the mean and o is the standard deviation.

EXAMPLE 8 A factory produces (cylindrically shaped) roller bearings that are sold as
having diameter 4.0 cm and length 6.0 cm. In fact, the diameters X are normally distrib-
uted with mean 4.0 cm and standard deviation 0.01 cm while the lengths Y are normally
distributed with mean 6.0 cm and standard deviation 0.01 cm. Assuming that X and Y are
independent, write the joint density function and graph it. Find the probability that a
bearing randomly chosen from the production line has either length or diameter that
differs from the mean by more than 0.02 cm.

SOLUTION We are given that X and Y are normally distributed with u, = 4.0,
mo = 6.0, and oy = 0> = 0.01. So the individual density functions for X and Y are

—(y—4)2 —(v—F()2
o~ (= 92/0.0002 £ (y) _ (y—6)2/0.0002

1 1
X) = —  — - —28¢
i) 0.01/2m 0.01y/2m

Since X and Y are independent, the joint density function is the product:

fx,y) = i) f(y)
1

—(x—a)2 —(v—F)2
_ o~ (= 92/0.0002,,—(y=6)/0.0002

0.0002m

_ 5000 £ S000[(x=4)+(y=6)%]
T

A graph of this function is shown in Figure 9.
Let’s first calculate the probability that both X and Y differ from their means by less
than 0.02 cm. Using a calculator or computer to estimate the integral, we have
4.02 (*6.02

P(3.98 < X < 4.02,5.98 < Y < 6.02) = j fx,y) dy dx

398 J5.98

5000 J‘4.02 J’().oz — S000[(x—4)2+(y—6)?] dy dx
T

e
3.98 J598

~ 091

Then the probability that either X or Y differs from its mean by more than 0.02 cm is
approximately

1 — 091 =0.09 |
15.4 EXERCISES
1. Electric charge is distributed over the rectangle 0 < x < 5, (measured in coulombs per square meter). Find the total charge
2 <y < 5 so that the charge density at (x, y) is on the disk.

o(x,y) = 2x + 4y (measured in coulombs per square meter).

Find the total charge on the rectangle.

2. Electric charge is distributed over the disk x* + y> < 1 so

3-10 Find the mass and center of mass of the lamina that occupies
the region D and has the given density function p.

that the charge density at (x, y) is o (x, y) = /x2 + y2 3.D={(x,y) |1 Sx<3,1<y<d4} plx,y) =ky’
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10.

. D is bounded by the curves y = e~

.D={(xy) |0<x=<a0<y<b}h

plr,y)=1+x+y’

. D is the triangular region with vertices (0, 0), (2, 1), (0, 3);

plx,y)=x+y

. D is the triangular region enclosed by the lines y = 0,

y=2x,andx + 2y = 1; p(x,y) = x

. Disboundedbyy =1 — x*andy = 0; p(x,y) = ky
. Disbounded by y = x + 2and y = x% p(x,y) = kx?

X

,y=0,x=0,x=1;
px,y) = xy

D is enclosed by the curves y = 0 and y = cos x,
—m/2<x<m/2 plx,y) =y

11.

12,

13.

14.

15.

16.

17.

18.

19.

20.

A lamina occupies the part of the disk x> + y* < 1 in the
first quadrant. Find its center of mass if the density at any
point is proportional to its distance from the x-axis.

Find the center of mass of the lamina in Exercise 11 if the
density at any point is proportional to the square of its
distance from the origin.

The boundary of a lamina consists of the semicircles
y=+/1 —x* and y = /4 — x? together with the portions
of the x-axis that join them. Find the center of mass of

the lamina if the density at any point is proportional to its
distance from the origin.

Find the center of mass of the lamina in Exercise 13 if the
density at any point is inversely proportional to its distance
from the origin.

Find the center of mass of a lamina in the shape of an isos-
celes right triangle with equal sides of length a if the density
at any point is proportional to the square of the distance
from the vertex opposite the hypotenuse.

A lamina occupies the region inside the circle x* + y* = 2y
but outside the circle x*> + y? = 1. Find the center of mass
if the density at any point is inversely proportional to its
distance from the origin.

Find the moments of inertia I, /,, I, for the lamina of
Exercise 3.

Find the moments of inertia /., /,, I, for the lamina of
Exercise 6.

Find the moments of inertia /., /,, I, for the lamina of
Exercise 15.

Consider a square fan blade with sides of length 2 and the
lower left corner placed at the origin. If the density of the
blade is p(x, y) = 1 + 0.1x, is it more difficult to rotate the
blade about the x-axis or the y-axis?

SECTION 15.4 Applications of Double Integrals 1025

21-24 A lamina with constant density p(x, y) = p occupies the
given region. Find the moments of inertia /. and /, and the radii
of gyration x and y.

21. Therectangle 0 s x < b,0<y=<nh
22, The triangle with vertices (0, 0), (b, 0), and (0, &)
23. The part of the disk x> + y* < @’ in the first quadrant

24. The region under the curve y = sinx fromx = 0tox = 7

[E8 25-26 Use a computer algebra system to find the mass, center
of mass, and moments of inertia of the lamina that occupies the
region D and has the given density function.

25. D is enclosed by the right loop of the four-leaved rose
r=cos20; p(x,y) =x>+y?2

26. D={(x,y) | 0sy=<uxe™, 0=<x=<2} plxy =x%"

27. The joint density function for a pair of random variables X
and Y is

Cx(l +y) if0=sx<1,0=<y=<?2
0 otherwise

fx,y) ={

(a) Find the value of the constant C.
(b) FindPX<1,Y<1).
(¢) Find PX + Y < 1).

28. (a) Verify that

4xy if0sx=<1,0=sy=1

0 otherwise

fx,y) ={

is a joint density function.

(b) If X and Y are random variables whose joint density
function is the function f in part (a), find
G Plx=1) i) P(x=1,v<!)

(c) Find the expected values of X and Y.

29. Suppose X and Y are random variables with joint density
function

0.1 @302 if x =0, y=0

0 otherwise

f(x,y)—{

(a) Verity that f is indeed a joint density function.
(b) Find the following probabilities.

(i) P(Y=1) (i) PX<2,Y<4)
(c) Find the expected values of X and Y.

30. (a) A lamp has two bulbs, each of a type with average
lifetime 1000 hours. Assuming that we can model the
probability of failure of a bulb by an exponential den-
sity function with mean u = 1000, find the probability
that both of the lamp’s bulbs fail within 1000 hours.

(b) Another lamp has just one bulb of the same type as in
part (). If one bulb burns out and is replaced by a bulb
of the same type, find the probability that the two bulbs
fail within a total of 1000 hours.
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1026 CHAPTER 15 Multiple Integrals

@3 31. Suppose that X and Y are independent random variables, 33. When studying the spread of an epidemic, we assume that
where X is normally distributed with mean 45 and standard the probability that an infected individual will spread the
deviation 0.5 and Y is normally distributed with mean 20 disease to an uninfected individual is a function of the dis-
and standard deviation 0.1. tance between them. Consider a circular city of radius
(a) Find P(40 < X < 50,20 < Y < 25). 10 miles in which the population is uniformly distributed.
(b) Find P(4(X — 45)* + 100(Y — 20)* < 2). For an uninfected individual at a fixed point A(xo, yo),

32. Xavier and Yolanda both have classes that end at noon and
they agree to meet every day after class. They arrive at the
coffee shop independently. Xavier’s arrival time is X and
Yolanda’s arrival time is Y, where X and Y are measured in
minutes after noon. The individual density functions are

assume that the probability function is given by
f(P) = 5[20 — d(P, A)]

where d(P, A) denotes the distance between points P and A.
(a) Suppose the exposure of a person to the disease is the

et ifx=0 1y ifo<y<10 sum of the probabilities of catching the disease from all
filxy) = { . £y) = {50 . members of the population. Assume that the infected
0 itx<O0 0 otherwise . L .
people are uniformly distributed throughout the city,
(Xavier arrives sometime after noon and is more likely with k infected individuals per square mile. Find a
to arrive promptly than late. Yolanda always arrives by double integral that represents the exposure of a person
12:10 pMm and is more likely to arrive late than promptly.) residing at A.
After Yolanda arrives, she’ll wait for up to half an hour for (b) Evaluate the integral for the case in which A is the cen-
Xavier, but he won’t wait for her. Find the probability that ter of the city and for the case in which A is located on

they meet.

15.5 Surface Area

In Section 16.6 we will deal with

areas of more general surfaces, called
parametric surfaces, and so this section
need not be covered if that later section
will be covered.

z

FIGURE 1

the edge of the city. Where would you prefer to live?

In this section we apply double integrals to the problem of computing the area of a
surface. In Section 8.2 we found the area of a very special type of surface—a surface of
revolution—by the methods of single-variable calculus. Here we compute the area of a
surface with equation z = f(x, y), the graph of a function of two variables.

Let S be a surface with equation z = f(x, y), where f has continuous partial deriva-
tives. For simplicity in deriving the surface area formula, we assume that f(x, y) = 0 and
the domain D of f is a rectangle. We divide D into small rectangles R;; with area
AA = Ax Ay. If (x;, y;) is the corner of R;; closest to the origin, let P;;(x;, y;, f(x;, ;) be
the point on § directly above it (see Figure 1). The tangent plane to S at P;; is an approx-
imation to S near P;;. So the area AT}; of the part of this tangent plane (a parallelogram)
that lies directly above R;; is an approximation to the area AS;; of the part of S that lies
directly above R;;. Thus the sum X X AT}; is an approximation to the total area of S, and
this approximation appears to improve as the number of rectangles increases. Therefore
we define the surface area of S to be

m n

(1) A(S) = lim > X AT,

MmN i i)

To find a formula that is more convenient than Equation 1 for computational purposes,
we let a and b be the vectors that start at P;; and lie along the sides of the parallelogram
with area AT};. (See Figure 2.) Then AT; = |a X b|. Recall from Section 14.3 that
fi(xi, y;) and f,(x;, y;) are the slopes of the tangent lines through P;; in the directions of a
and b. Therefore

a = Axi +ﬂ(xj,yj) Ax k

b = Ayj + f,(xi, y;) Ayk
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1028 CHAPTER 15 Multiple Integrals

Using Formula 2 with f(x, y) = x* + 2y, we get

A= ﬂ JOT+ Q7 + 1dA = fol J.OX«/4x2 ¥ 5dydx
— ["xvATF S dx =} 3x + 57, = (27 - 515)

vy Figure 4 shows the portion of the surface whose area we have just computed. |

EXAMPLE 2 Find the area of the part of the paraboloid z = x? + y? that lies under the
plane z = 9.

SOLUTION The plane intersects the paraboloid in the circle x* + y* = 9, z = 9. There-
fore the given surface lies above the disk D with center the origin and radius 3. (See
Figure 5.) Using Formula 3, we have

. g \/1 " (2_)Zc>2 " (2_;)2 “- ﬁ VIH @ + @) dA

= [T+ 57 da

Converting to polar coordinates, we obtain

A= [T VUF a7 rdrdo = [ 7o [ §/T+ 47 (8 dr

FIGURE 5

3T
= 2m(})201 + 4122 = = (7137 - 1) n
15.5 EXERCISES
1-12 Find the area of the surface. 9. The part of the surface z = xy that lies within the cylinder
x*+y2=1

1. The part of the plane 5x + 3y — z + 6 = 0 that lies above the

rectangle [1, 4] X [2, 6] 10. The part of the sphere x> + y? + z> = 4 that lies above the

2. The part of the plane 6x + 4y + 2z = 1 that lies inside the plane z = 1

. 2 2
cylinder x* + y* = 25 11. The part of the sphere x> + y> + z> = a that lies within the

3. The part of the plane 3x + 2y + z = 6 that lies in the cylinder x* + y* = ax and above the xy-plane

first octant 12. The part of the sphere x> + y? + z? = 4z that lies inside the

4. The part of the surface 2y + 4z — x? = 5 that lies above the paraboloid z = x* + y?
triangle with vertices (0, 0), (2, 0), and (2, 4)

5. The part of the paraboloid z = 1 — x* — y? that lies above the 13-14 Find the area of the surface correct to four decimal places
plane z = —2 by expressing the area in terms of a single integral and using your

. ) 5 . calculator to estimate the integral.
6. The part of the cylinder x° + z° = 4 that lies above the square
with vertices (0, 0), (1, 0), (0, 1), and (1, 1) 13. The part of the surface z = 1/(1 + x* + y?) that lies above the
disk x> + y> < 1
7. The part of the hyperbolic paraboloid z = y* — x? that lies
between the cylinders x2 + y> = 1 and x2 + y? = 4 14. The part of the surface z = cos(x* + y?) that lies inside the
cylinder x* + y* =1
8. The surface z = (x> + y¥?), 0<x<1,0<y<1
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SECTION 15.6 Triple Integrals 1029

15. (a) Use the Midpoint Rule for double integrals (see Sec- 21. Show that the area of the part of the plane z = ax + by + ¢
tion 15.1) with four squares to estimate the surface area that projects onto a region D in the xy-plane with area A(D)
of the portion of the paraboloid z = x* + y? that lies is /a? + b2 + 1 A(D).
above the square [0, 1] X [0, 1].

22, If you attempt to use Formula 2 to find the area of the top
half of the sphere x* + y? + z? = a?, you have a slight
problem because the double integral is improper. In fact, the
integrand has an infinite discontinuity at every point of the
boundary circle x> + y? = a* However, the integral can
be computed as the limit of the integral over the disk

s | (b) Use a computer algebra system to approximate the sur-
face area in part (a) to four decimal places. Compare
with the answer to part (a).

16. (a) Use the Midpoint Rule for double integrals with
m = n = 2 to estimate the area of the surface

— 2 2
z=xytai+y, 0sx<2 0sys<2 x>+ y?> < t*ast — a . Use this method to show that the
| CAS | (b) Use a computer algebra system to approximate the sur- area of a sphere of radius a is 4ma>.
face area in part (a) to four decimal places. Compare
with the answer to part (a). 23. Find the area of the finite part of the paraboloid y = x? + z*

cut off by the plane y = 25. [Hint: Project the surface onto

[Z9 17. Find the exact area of the surface z = 1 + 2x + 3y + 4y?,
the xz-plane.]

Isxs40sys1
24. The figure shows the surface created when the cylinder

[Z3 18. Find the exact area of the surface ) 3 ) . 5 ) .
y~ + z° = 1 intersects the cylinder x* + z° = 1. Find the

z=1l+x+y+x’ —2=sxs1 -lsy=l area of this surface.

[lustrate by graphing the surface. 2
€3 19. Find, to four decimal places, th f the part of th: — ,_T

ind, to four decimal places, the area of the part of the —

surface z = 1 + x?y? that lies above the disk x* + y*> < 1. ~

/

[Z3 20. Find, to four decimal places, the area of the part of the

surface z = (1 + x?)/(1 + y?) that lies above the square [ v &
|x| + || =< 1. Tllustrate by graphing this part of the “ > y

surface.

15.6 Triple Integrals

Just as we defined single integrals for functions of one variable and double integrals
for functions of two variables, so we can define triple integrals for functions of three
variables. Let’s first deal with the simplest case where f is defined on a rectangular box:

m Bz{(x»)hz)|an<b,cSysd,rszgs}

The first step is to divide B into sub-boxes. We do this by dividing the interval [a, b] into
[ subintervals [x;-1, x; | of equal width Ax, dividing [c, d] into m subintervals of width Ay,
and dividing [r, s] into n subintervals of width Az. The planes through the endpoints of
these subintervals parallel to the coordinate planes divide the box B into /mn sub-boxes

B[jk = [Xi—l,xi] X [}’j—l,yj] X [Zk—l, Zk]

which are shown in Figure 1. Each sub-box has volume AV = Ax Ay Az.
Then we form the triple Riemann sum

n

> [ yif, zii) AV

2]

1 i

i=1 j=1 k=1
o ¥y where the sample point (x%, y, z%) is in Bij;. By analogy with the definition of a
double integral (15.1.5), we define the triple integral as the limit of the triple Riemann
FIGURE 1 sums in (2).
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SECTION 15.6 Triple Integrals 1037

Because of the symmetry of E and p about the xz-plane, we can immediately say that
M., = 0 and therefore y = 0. The other moments are

M,. = fg xpdV = f_ll f; jox xp dz dx dy

pjlyxmmwzpj‘[f}H
1 1L 3 -
1
z?ﬁ_pj‘ol(l_yﬁ)dyzi_p[y_%] = 7
jg zpdV = f_ll f J: zp dz dx dy
T I3 P
pJﬂJ‘z [?]Z_OdXdy = Ef~l_£v2x dx dy

y
Pt ey g 2
3 ﬁ)(l y°)dy 7

Therefore the center of mass is

15.6 EXERCISES

1. Evaluate the integral in Example 1, integrating first with
respect to y, then z, and then x.

2. Evaluate the integral [[[, (xy + z2) dV, where
E = {(x,y,z) [0<=x=<2,0
using three different orders of integration.

3-8 Evaluate the iterated integral.
2 22 y—z
3. fo fo jo (2x — y)dx dy dz

4, fol J\z‘ (:H 6xy dz dx dy
5. flz f;z foln "xedydxdz

6. fol fol Jo\/? y j— 1

7. foﬂ jol jj@ zsinxdydz dx

dx dz dy

8. folfolf:ixzﬂvzxye’dz dy dx

- - = Mvz sz
@xﬂ=(', ,

9-18 Evaluate the triple integral.
9. [[[;ydV, where

E={(xy2) |0<sx<30<y<xx-ys<z<ux+y}
10. [[[, e?dV, where

E- {und [0y 1y =22 1025 %0]

2
1. ‘.J“Emdv, where

E={(xny2 |l1<sy<4y<:z<40<x<z}

12. [[[, sin y @V, where E lies below the plane z = x and above
the triangular region with vertices (0, 0, 0), (7, 0, 0), and

(0, 7, 0)

13. [[[, 6xy dV, where E lies under the plane z = 1 + x + y
and above the region in the xy-plane bounded by the curves

y=+x,y=0,andx = 1

[[f (x = y) dV, where E is enclosed by the surfaces
z=x>—1,z=1—-—x%y=0,andy =2

14.

15. [[[,y*aV, where T is the solid tetrahedron with vertices

(0,0,0), (2,0,0), (0,2, 0), and (0, 0, 2)
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1038 CHAPTER 15 Multiple Integrals

16. Jff, xz dV, where T is the solid tetrahedron with vertices

(0,0,0), (1,0, 1), (0, 1, 1), and (0, 0, 1)

17. [[[, x dV, where E is bounded by the paraboloid
x = 4y* + 4z% and the plane x = 4

18. [[[, z AV, where E is bounded by the cylinder y> + z> = 9
and the planes x = 0, y = 3x, and z = 0 in the first octant

19-22 Use a triple integral to find the volume of the given solid.

19. The tetrahedron enclosed by the coordinate planes and the
plane2x +y + z =4

20. The solid enclosed by the paraboloids y = x> + z* and
y=8—x*—7z°

21. The solid enclosed by the cylinder y = x* and the planes
z=0andy+z=1

22. The solid enclosed by the cylinder x> + z> = 4 and the
planesy = —landy + z =4

23. (a) Express the volume of the wedge in the first octant
that is cut from the cylinder y? + z? = 1 by the planes
y = xand x = 1 as a triple integral.
(b) Use either the Table of Integrals (on Reference Pages
6-10) or a computer algebra system to find the exact
value of the triple integral in part (a).

24. (a) In the Midpoint Rule for triple integrals we use a
triple Riemann sum to approximate a triple integral
over a box B, where f(x, y, z) is evaluated at the center
(Xi, ¥j, zx) of the box Bjjr. Use the Midpoint Rule to
estimate [[[, v/x2+ y2 + z2 dV, where B is the cube
definedby0 < x =<4, 0 <y =<4, 0<z=<4 Divide
B into eight cubes of equal size.

(b) Use a computer algebra system to approximate the
integral in part (a) correct to the nearest integer. Com-
pare with the answer to part (a).

25-26 Use the Midpoint Rule for triple integrals (Exercise 24)
to estimate the value of the integral. Divide B into eight sub-
boxes of equal size.

25. ([f, cos(xyz) dV, where
B={(x,y,2) | 0sx<1,0<ys<10<:

A
=

26. [[[, . xe* dV, where
B={(x,y,2) [0sx<4, 0sys<10s<z<2}

27-28 Sketch the solid whose volume is given by the iterated

integral.
7. [ [ ayd 28 [ avdsay

29-32 Express the integral [[[, f(x, y, z) dV as an iterated
integral in six different ways, where E is the solid bounded by
the given surfaces.

29. y=4—x*—4z* y=0

30. y’+22=9, x=-2, x=2

3. y=x% z=0, y+2z=4

3. x=2, y=2, z=0, x+y—2z=2

33. The figure shows the region of integration for the integral

11 1y
L] fey ) dzdyax

Rewrite this integral as an equivalent iterated integral in the
five other orders.

34. The figure shows the region of integration for the integral

[0 ey dy e

0

Rewrite this integral as an equivalent iterated integral in the
five other orders.

X

35-36 Write five other iterated integrals that are equal to the
given iterated integral.

35. Jol f fo‘ f(x,y,2) dzdx dy

36. Ll J‘I fo f(x,y,2) dxdz dy
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37-38 Evaluate the triple integral using only geometric
interpretation and symmetry.

37. [[[. (4 + 5x?yz*) dV, where C is the cylindrical region

X+ yis4, -2<:z<2

38. ([[, (z* + siny + 3) dV, where B is the unit ball

Xy sl

39-42 Find the mass and center of mass of the solid E with the
given density function p.

39. E lies above the xy-plane and below the paraboloid
z=1-x=y% plry2 =3

40. E is bounded by the parabolic cylinder z = 1 — y? and the
planesx + z=1,x=0,andz = 0; p(x,y,2) =4

41. Eisthecube givenby0 < x<g, 0sy=<a, 0 <z =<gq;
plx,y,2) = x>+ y*+ 22

42. E is the tetrahedron bounded by the planes x = 0,y = 0,
z=0x+y+tz=1 plyz=y

43-46 Assume that the solid has constant density k.

43. Find the moments of inertia for a cube with side length L if
one vertex is located at the origin and three edges lie along
the coordinate axes.

44. Find the moments of inertia for a rectangular brick with
dimensions a, b, and ¢ and mass M if the center of the brick
is situated at the origin and the edges are parallel to the
coordinate axes.

45. Find the moment of inertia about the z-axis of the solid
cylinder x> + y2<a? 0<:z<h.

46. Find the moment of inertia about the z-axis of the solid cone

VX2t y2<z<h

47-48 Set up, but do not evaluate, integral expressions for
(a) the mass, (b) the center of mass, and (c) the moment of
inertia about the z-axis.

47. The solid of Exercise 21; p(x,y,z) = /x> + y?

48. The hemisphere x* + y> + z2 <1, z = 0;
plx,y,2) = a2 +y2 427

SECTION 15.6 Triple Integrals 1039

[@3 49. Let E be the solid in the first octant bounded by the cylinder

x? + y* =1 and the planes y = z, x = 0, and z = 0 with
the density function p(x,y,z) =1+ x +y + z. Usea
computer algebra system to find the exact values of the fol-
lowing quantities for E.

(a) The mass

(b) The center of mass

(¢) The moment of inertia about the z-axis

[@9 50. If E is the solid of Exercise 18 with density function

p(x,v,z) = x> + y find the following quantities, correct
to three decimal places.

(a) The mass

(b) The center of mass

(c) The moment of inertia about the z-axis

51. The joint density function for random variables X, Y, and Z
is f(x,y,z) = Cxyzif 0sx<2, 0sy<2 0<sz<2,
and f(x, y, z) = 0 otherwise.

(a) Find the value of the constant C.
b)) FindPX<1,Y<1,Z<1).
(¢) FindPX+Y+ Z<1).

52. Suppose X, Y, and Z are random variables with joint density
function f(x, y, z) = Ce @302+ if x =0,y =0,z = 0,
and f(x, y, z) = 0 otherwise.

(a) Find the value of the constant C.
(b) FindPX<1,Y<1).
(¢) FindPX<1,Y<1,Z<1).

53-54 The average value of a function f(x, y, z) over a solid
region E is defined to be

e = V(lE)(j [ vz av

where V(E) is the volume of E. For instance, if p is a density
function, then p,,. is the average density of E.

53. Find the average value of the function f(x, y, z) = xyz over
the cube with side length L that lies in the first octant with
one vertex at the origin and edges parallel to the coordinate
axes.

54. Find the average height of the points in the solid hemisphere
x> +y +z2<1,z=0.

55. (a) Find the region E for which the triple integral
ﬂ (1 — x? — 2y> — 32%) dV
E

is a maximum.
(b) Use a computer algebra system to calculate the exact
maximum value of the triple integral in part (a).

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).

Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



SECTION 15.7 Triple Integrals in Cylindrical Coordinates 1043

EXAMPLE 4 Evaluate j j e f G+ ) dzdy dx.

SOLUTION This iterated integral is a triple integral over the solid region
E={(xy2) | 2<x<2, —V4—-x2<y<. 4—x2 Jx*+y2 <:z<2}

and the projection of E onto the xy-plane is the disk x> + y*> < 4. The lower surface of
E is the cone z = 4/x? + y? and its upper surface is the plane z = 2. (See Figure 9.)
This region has a much simpler description in cylindrical coordinates:

E={(rn6,2]|0<6<2m 0<r<2 r<z<2}

Therefore we have

f fmj (x +y2)dzdydx—jﬂ (x*+ y) dv

FIGURE 9

15.7 EXERCISES

1-2 Plot the point whose cylindrical coordinates are given.
Then find the rectangular coordinates of the point.

1. @) 4, m/3,-2) ) @2, —m/2,1)
2. (a) (v2,37/4,2) (b) (1,1, 1)

3-4 Change from rectangular to cylindrical coordinates.
3. () (—1,1,1) ®) (-2,2V3,3)
4. @ (-v2.v2.1) () (2.2.2)

5-6 Describe in words the surface whose equation is given.

5.r=2 6. 0 =m/6

7-8 Identify the surface whose equation is given.

7. rP+z2=14 8. r=2sin6

9-10 Write the equations in cylindrical coordinates.
9. (@ x>—x+y*+z2=1 (b) z=x>—y?

10. (a) 2x> + 2y> —z2 =4 b)) 2x—y+tz=1

= f:ﬁ joz f r’rdzdrdo

" 4o jz 2 —r)dr
0

— 14_L5]2_1_6
—277[2r 51|, = 3™ [ |

11-12 Sketch the solid described by the given inequalities.
M. rPszs8-—r>
1.0 <7w/2, r<zs<?2

13. A cylindrical shell is 20 cm long, with inner radius 6 cm
and outer radius 7 cm. Write inequalities that describe the
shell in an appropriate coordinate system. Explain how you
have positioned the coordinate system with respect to the
shell.

/A 14. Use a graphing device to draw the solid enclosed by the

paraboloids z = x*> + y?and z = 5 — x? — y*

15-16 Sketch the solid whose volume is given by the integral
and evaluate the integral.

15 ””ff rdz dr do

/2

16. j: f:“ fo’ rdz d dr

17-28 Use cylindrical coordinates.

17. Evaluate [[[, /x> + y2 dV, where E is the region that lies
inside the cylinder x* + y*> = 16 and between the planes
z= —5andz = 4.

18. Evaluate [[[, z dV, where E is enclosed by the paraboloid
z = x* + y? and the plane z = 4.
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19.

20.

21.

22,

23.

24,

25,

26.

27.

28.

CHAPTER 15 Multiple Integrals

Evaluate [[[, (x + y + z) dV, where E is the solid in the
first octant that lies under the paraboloid z = 4 — x* — y.

Evaluate [[[, (x — y) dV, where E is the solid that lies
between the cylinders x> + y> = 1 and x> + y*> = 16,
above the xy-plane, and below the plane z = y + 4.

Evaluate [[[, x>dV, where E is the solid that lies within the
cylinder x* + y* = 1, above the plane z = 0, and below the
cone z> = 4x? + 4y%

Find the volume of the solid that lies within both the cylin-
der x> + y* = 1 and the sphere x* + y* + z> = 4.

Find the volume of the solid that is enclosed by the cone
z = /x2 + y? and the sphere x> + y? + z? = 2.

Find the volume of the solid that lies between the parabo-
loid z = x* + y? and the sphere x> + y* + z2 = 2.

(a) Find the volume of the region E that lies between
the paraboloid z = 24 — x? — y? and the cone
z=24x%+ y2.

(b) Find the centroid of E (the center of mass in the case
where the density is constant).

(a) Find the volume of the solid that the cylinder
r = a cos 6 cuts out of the sphere of radius a centered
at the origin.

(b) Illustrate the solid of part (a) by graphing the sphere
and the cylinder on the same screen.

Find the mass and center of mass of the solid S bounded by
the paraboloid z = 4x? + 4y? and the plane z = a (a > 0)
if S has constant density K.

Find the mass of a ball B given by x> + y? + 2> < a” if the
density at any point is proportional to its distance from the
Z-axis.

DISCOVERY PROJECT

29-30 Evaluate the integral by changing to cylindrical
coordinates.

29, fz f e xzdzdxdy
“2JVamyr Nen?

30. fi; J.o‘/ﬁ.[ogjzj2 VX* + y* dz dydx

31. When studying the formation of mountain ranges, geolo-
gists estimate the amount of work required to lift a moun-
tain from sea level. Consider a mountain that is essentially
in the shape of a right circular cone. Suppose that the
weight density of the material in the vicinity of a point P is
g(P) and the height is h(P).

(a) Find a definite integral that represents the total work
done in forming the mountain.

(b) Assume that Mount Fuji in Japan is in the shape of a
right circular cone with radius 62,000 ft, height
12,400 ft, and density a constant 200 1b/ ft>. How much
work was done in forming Mount Fuji if the land was
initially at sea level?

© S.R. Lee Photo Traveller / Shutterstock.ocm

THE INTERSECTION OF THREE CYLINDERS

The figure shows the solid enclosed by three circular cylinders with the same diameter that inter-
sect at right angles. In this project we compute its volume and determine how its shape changes if
the cylinders have different diameters.
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SECTION 15.8 Triple Integrals in Spherical Coordinates 1049

Figure 10 gives another look (this
time drawn by Maple) at the solid of
Example 4.

SOLUTION Notice that the sphere passes through the origin and has center (O, 0, %) We
write the equation of the sphere in spherical coordinates as

p> = pcos ¢ or p=cosd¢

S
= Q
TSN

The equation of the cone can be written as

pcos ¢ = /p?sin2¢ cos20 + p*sin’¢p sin20 = psin ¢

This gives sin ¢ = cos ¢, or ¢ = /4. Therefore the description of the solid E in
spherical coordinates is

E={(p0.¢)|0<0<2m 0<p=<m/4 0<p=<cosd}

FIGURE 10
Figure 11 shows how E is swept out if we integrate first with respect to p, then ¢, and
then 6. The volume of E is
27 (‘w/4 [(cos
V(E) = M dv = jo fo/ jo * 02 sind dp ddb df
E
s " 3 | p=cos ¢
= ["ao |7 sin¢[p—] d

0 0 3 |-

Visual 15.8 shows an animation 29 paja R 2ar cos'e w/4 T
i = — sing cos’pdp = — | ——| =—
of Figure 11. 3 ) ¢ ¢ dd 3 4 . 3
z z z
e
X y R y * Y
p varies from 0 to cos ¢ ¢ varies from O to /4 6 varies from 0 to 277.
FIGURE 11 while ¢ and 6 are constant. while 6 is constant. ]
15.8 EXERCISES
1-2 Plot the point whose spherical coordinates are given. Then 3-4 Change from rectangular to spherical coordinates.
find the rectangular coordinates of the point.
3. (@) (0,—2,0) ® (=1,1,—v2)
1. (@) (6,7/3,7/6) (b) (3,m/2,3m/4)
2. @ @ m/2,7/2) (b) (4, —m/4,m/3) 4. @ (1,0,v3) ®) (V3,-1,2V3)
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1050 CHAPTER 15 Multiple Integrals

5-6 Describe in words the surface whose equation is given.

5. ¢ =m/3 6. p>’—3p+2=0

7-8 Identify the surface whose equation is given.

7. pcosp =1 8. p=cos ¢

9-10 Write the equation in spherical coordinates.
9. (a) x> +y?+z2=9 (b) x> —y*—z*=1

10. (a) z=x>+y? (b) z=x*—y?

11-14 Sketch the solid described by the given inequalities.
M.psl, 0sp=m/6, 0sO=nm
12. 1sp<?2, w/2s¢d<m

13.2<p<4, 0s¢p=m/3, 0<Os<nm

14. p< 2, p=<csco

15. A solid lies above the cone z = /x? + y? and below the
sphere x> + y? + z> = z. Write a description of the solid in
terms of inequalities involving spherical coordinates.

16. (a) Find inequalities that describe a hollow ball with diameter
30 cm and thickness 0.5 cm. Explain how you have posi-
tioned the coordinate system that you have chosen.

(b) Suppose the ball is cut in half. Write inequalities that
describe one of the halves.

17-18 Sketch the solid whose volume is given by the integral
and evaluate the integral.

17. fo”/ ° fo”/ ’ J; p?sin & dp db dop

18. fo"/ ) f:” jo‘b p sin ¢ dp do d¢b

19-20 Set up the triple integral of an arbitrary continuous function
f(x,y, z) in cylindrical or spherical coordinates over the solid
shown.

19. z

21-34 Use spherical coordinates.

21. Evaluate [[[, (x> + y* + z2)*dV, where B is the ball with
center the origin and radius 5.

22. Evaluate [[[, y*z> dV, where E lies above the cone ¢ = /3
and below the sphere p = 1.

23. Evaluate [[[, (x> + y?) dV, where E lies between the spheres
X+ yr+zi=4dandx* +y*+ 22 =0.

24. Evaluate [[[, y>dV, where E is the solid hemisphere
Py +22<9,y=0.

25. Evaluate [[[, xe*******dV, where E is the portion of the unit
ball x> + y? + z? < [ that lies in the first octant.

26. Evaluate [[[, v/x2 + y2 + 22 dV, where E lies above the cone

z = /x? + y? and between the spheres x> + y> + z> = 1 and
x>+ yr+ =4

27. Find the volume of the part of the ball p < q that lies between
the cones ¢ = /6 and ¢ = /3.

28. Find the average distance from a point in a ball of radius a to
its center.

29. (a) Find the volume of the solid that lies above the cone
¢ = /3 and below the sphere p = 4 cos ¢.
(b) Find the centroid of the solid in part (a).

30. Find the volume of the solid that lies within the sphere
x? + y* + z? = 4, above the xy-plane, and below the cone

= T

31. (a) Find the centroid of the solid in Example 4. (Assume con-
stant density K.)
(b) Find the moment of inertia about the z-axis for this solid.

32. Let H be a solid hemisphere of radius a whose density at any
point is proportional to its distance from the center of the base.
(a) Find the mass of H.
(b) Find the center of mass of H.
(c) Find the moment of inertia of H about its axis.

33. (a) Find the centroid of a solid homogeneous hemisphere of
radius a.
(b) Find the moment of inertia of the solid in part (a) about a
diameter of its base.

34. Find the mass and center of mass of a solid hemisphere of
radius a if the density at any point is proportional to its
distance from the base.

35-40 Use cylindrical or spherical coordinates, whichever seems
more appropriate.

35. Find the volume and centroid of the solid E that lies above the
cone z = /x? + y?2 and below the sphere x* + y* + z2 = 1.

36. Find the volume of the smaller wedge cut from a sphere of
radius a by two planes that intersect along a diameter at an
angle of /6.

37. A solid cylinder with constant density has base radius a and
height A.
(a) Find the moment of inertia of the cylinder about its axis.
(b) Find the moment of inertia of the cylinder about a diameter
of its base.
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[ 39.

[ 40.

SECTION 15.8 Triple Integrals in Spherical Coordinates

38. A solid right circular cone with constant density has base
radius a and height .
(a) Find the moment of inertia of the cone about its axis.
(b) Find the moment of inertia of the cone about a diameter
of its base.

Evaluate [[[, z dV, where E lies above the paraboloid

z = x* + y? and below the plane z = 2y. Use either the
Table of Integrals (on Reference Pages 6—10) or a computer
algebra system to evaluate the integral.

(a) Find the volume enclosed by the torus p = sin ¢.
(b) Use a computer to draw the torus.

41-43 Evaluate the integral by changing to spherical
coordinates.

n ("

a. [ | e

_\W

43. J"z Jx/4—x2 ~(2+¢4—x2—y2
L)-

e (x> + 2 + 222 dz dy dx

V2-x2—y?

e W dz dy dx

==
J'Vaz x2—y2

—— (x%z + yz + ) dzdx dy

—a Jar—x2—y

48.

44. A model for the density 6 of the earth’s atmosphere near its

surface is
4 = 619.09 — 0.000097p

49.

where p (the distance from the center of the earth) is mea-
sured in meters and 6 is measured in kilograms per cubic
meter. If we take the surface of the earth to be a sphere with
radius 6370 km, then this model is a reasonable one for
6.370 X 10° < p < 6.375 X 10°. Use this model to esti-
mate the mass of the atmosphere between the ground and an
altitude of 5 km.

45. Use a graphing device to draw a silo consisting of a cylinder

with radius 3 and height 10 surmounted by a hemisphere.

46. The latitude and longitude of a point P in the Northern
Hemisphere are related to spherical coordinates p, 6, ¢ as
follows. We take the origin to be the center of the earth

and the positive z-axis to pass through the North Pole. The
positive x-axis passes through the point where the prime
meridian (the meridian through Greenwich, England) inter-
sects the equator. Then the latitude of P is @ = 90° — ¢°

and the longitude is B = 360° — 6°. Find the great-circle

[[ 47.

1051

distance from Los Angeles (lat. 34.06° N, long. 118.25° W)
to Montréal (lat. 45.50° N, long. 73.60° W). Take the radius
of the earth to be 3960 mi. (A great circle is the circle of
intersection of a sphere and a plane through the center of
the sphere.)

The surfaces p = 1 + 1 sin m8 sin ng have been used as
models for tumors. The “bumpy sphere” with m = 6 and
n = 5 is shown. Use a computer algebra system to find the
volume it encloses.

Show that
fj f jf Vxr 4yt 422 N gy dy dz = 20

(The improper triple integral is defined as the limit of a
triple integral over a solid sphere as the radius of the sphere
increases indefinitely.)

(a) Use cylindrical coordinates to show that the volume of
the solid bounded above by the sphere > + z* = a* and
below by the cone z = rcot ¢ (or ¢ = ¢), where
0< o< /2, is

2ma’

3

Deduce that the volume of the spherical wedge given by
PLSpspy 0SSO0y b1 < <dis

Vv

(I — cosdy)
(b)

ps — pi

AV = f(cos b1 — cos )0, — 6))

Use the Mean Value Theorem to show that the volume
in part (b) can be written as
AV = p*sin ¢ Ap AO Ad

where p lies between p, and p,, ¢ lies between ¢, and
b2, Ap=ps— p1, A0 = 0, — 0, and Ap = ¢, — ¢
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1060 CHAPTER 15 Multiple Integrals

1-6 Find the Jacobian of the transformation.
T.x=2u+v, y=4u—v
x=u’+uv, y=uv’
X =wscost, y=ssint
pe’s y=qe’

X =uv, y=ow, z=wu

o v w N
=
I

x=u+oww, y=0v+wu z=w-+ uv

7-10 Find the image of the set S under the given transformation.

7. S={(u,v) | 0sus<3 0sv=<2}
x=2u+3v,y=u-—v

8. S is the square bounded by the linesu = 0,u = 1,» = 0,
v=1; x=uv, y=u(l +v?)

9. S is the triangular region with vertices (0, 0), (1, 1), (0, 1);
x=u’ y=v

10. Sis the disk givenby u® + v> < 1; x = au, y = bv

11-14 A region R in the xy-plane is given. Find equations for a
transformation 7" that maps a rectangular region S in the uv-plane
onto R, where the sides of § are parallel to the u- and v-axes.

11. Risboundedbyy=2x — 1, y=2x+ 1,y=1 — x,
y=3—x

12. R is the parallelogram with vertices (0, 0), (4, 3), (2, 4),
(=2, 1)

13. R lies between the circles x> + y*> = 1 and x*> + y*> = 2in
the first quadrant

14. R is bounded by the hyperbolas y = 1/x, y = 4/x and the
lines y = x, y = 4x in the first quadrant

15-20 Use the given transformation to evaluate the integral.

15. [[, (x — 3y) dA, where R is the triangular region with
vertices (0,0), (2, 1),and (1,2); x=2u+v, y=u+ 2v

16. [[,(4x + 8y) dA, where R is the parallelogram with
vertices (—1, 3), (1, —3), (3, —1), and (1, 5);
x=}‘(u+u), y=}‘(v—3u)

17. {[,x*dA, where R is the region bounded by the ellipse
Ox> + 4y>=36; x=2u, y=73v

18. [[(x* — xy + y 2)dA, where R is the region bounded
by the ellipse x> — xy + y

x=+2u=2/30, y—\/_u+«/ﬁv

19. [[,xy dA, where R is the region in the first quadrant
bounded by the lines y = x and y = 3x and the hyperbolas
xy=1lxy=3; x=ufv, y=v

A 20. [[,y*dA, where R is the region bounded by the curves

xy=1,xy=2,xy*=1,xy>=2; u=xy, v=uxy.
INustrate by using a graphing calculator or computer to
draw R.

21. (a) Evaluate [[f, dV, where E is the solid enclosed by the
ellipsoid x*/a* + y*/b* + z?/c* = 1. Use the transfor-
mation x = au, y = bv, z = cw.

(b) The earth is not a perfect sphere; rotation has resulted
in flattening at the poles. So the shape can be approxi-
mated by an ellipsoid with a = b = 6378 km and
¢ = 6356 km. Use part (a) to estimate the volume of the
earth.

(c) If the solid of part (a) has constant density k, find its
moment of inertia about the z-axis.

22. An important problem in thermodynamics is to find the
work done by an ideal Carnot engine. A cycle consists of
alternating expansion and compression of gas in a piston.
The work done by the engine is equal to the area of the
region R enclosed by two isothermal curves xy = a, xy = b
and two adiabatic curves xy'* = ¢, xy'* = d, where
0 <a<band 0 < ¢ < d. Compute the work done by
determining the area of R.

23-27 Evaluate the integral by making an appropriate change of
variables.

B |5

thelmesx—2y=0,x—2y=4,3x—y=l,and
3x—y=28

dA where R is the parallelogram enclosed by

24. ([, (x + y)e* " dA, where R is the rectangle enclosed by
thelinesx —y=0,x —y=2,x+y=0,andx + y=3

25. ﬂ cos(

w1th vertices (1, 0), (2, 0), (0, 2), and (0, 1)

26. ([, sin(9x> + 4y?)dA, where R is the region in the first
quadrant bounded by the ellipse 9x* + 4y = 1

) dA, where R is the trapezoidal region

27. ([, e*" dA, where R is given by the inequality
lx| + [y[=<1

28. Let f be continuous on [0, 1] and let R be the triangular
region with vertices (0, 0), (1, 0), and (0, 1). Show that

ﬂf(x +y)dA = J;)l uf (u) du
R
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CONCEPT CHECK

CHAPTER 15 Review 1061

Answers to the Concept Check can be found on the back endpapers.

1. Suppose f is a continuous function defined on a rectangle

R =[a,b] X [c,d].

(a) Write an expression for a double Riemann sum of f.

If f(x, y) = 0, what does the sum represent?

(b) Write the definition of [[, f(x, y) dA as a limit.

(c) What is the geometric interpretation of [, f(x,y) dA if
f(x,y) = 0? What if f takes on both positive and negative
values?

(d) How do you evaluate [[, f(x, y) dA?

(e) What does the Midpoint Rule for double integrals say?

(f) Write an expression for the average value of f.

2. (a) How do you define ([, f(x,y) dA if D is a bounded region
that is not a rectangle?
(b) What is a type I region? How do you evaluate
[[,, f(x,y) dAif D is a type I region?
(c) What is a type Il region? How do you evaluate
[[,, f(x,y) dAif D is a type 11 region?
(d) What properties do double integrals have?

3. How do you change from rectangular coordinates to polar
coordinates in a double integral? Why would you want to make
the change?

4. If a lamina occupies a plane region D and has density function
p(x, y), write expressions for each of the following in terms of
double integrals.

(a) The mass

(b) The moments about the axes

(c) The center of mass

(d) The moments of inertia about the axes and the origin

5. Let f be a joint density function of a pair of continuous
random variables X and Y.
(a) Write a double integral for the probability that X lies
between a and b and Y lies between ¢ and d.

TRUE-FALSE QUIZ

10.

(b) What properties does f possess?
(c) What are the expected values of X and Y?

. Write an expression for the area of a surface with equation

z=f(xy), (x,y) €D.

. (a) Write the definition of the triple integral of f over a

rectangular box B.
(b) How do you evaluate [{[, f(x,y, z) dV?
(c) How do you define ([, f(x,y,z) dV if E is a bounded solid
region that is not a box?
(d) Whatis a type 1 solid region? How do you evaluate
[[fz f(x,,2) dV if E is such a region?
(e) What is a type 2 solid region? How do you evaluate
[[f, f(x,y,2) dV if E is such a region?
(f) What is a type 3 solid region? How do you evaluate
[[fz f(x,,2) dV if E is such a region?

. Suppose a solid object occupies the region E and has density

function p(x, y, z). Write expressions for each of the following.
(a) The mass

(b) The moments about the coordinate planes

(¢) The coordinates of the center of mass

(d) The moments of inertia about the axes

. (a) How do you change from rectangular coordinates to cylin-

drical coordinates in a triple integral?

(b) How do you change from rectangular coordinates to
spherical coordinates in a triple integral?

(c) In what situations would you change to cylindrical or
spherical coordinates?

(a) If a transformation 7 is given by x = g(u, v),

y = h(u, v), what is the Jacobian of 7'?
(b) How do you change variables in a double integral?
(c) How do you change variables in a triple integral?

Determine whether the statement is true or false. If it is true, explain
why. If it is false, explain why or give an example that disproves the
statement.

17 [P esinte = ) dxdy = [ 7 ¥ sin(x = ) dy dx
2 [ avan= [ Vi Eaa

3 [werdyax = ["xax [Tedy

a. [ [lersinydxdy =0

5. If f is continuous on [0, 1], then

ﬂﬂﬂ@ﬂw@w=[ﬂﬂan

. f:t fol (x2 + Vy ) sin(x?y?) dx dy < 9

. If D is the disk given by x> + y*> < 4, then

([vi—w =y aa="1ex
D

. The integral [[[, kr*dz dr d6 represents the moment of

inertia about the z-axis of a solid E with constant density k.

jo” f; f dz dr do

represents the volume enclosed by the cone z = /x? + y?
and the plane z = 2.

. The integral
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CHAPTER 15 Multiple Integrals

EXERCISES

1.

2,

A contour map is shown for a function f on the square

R = [0, 3] X [0, 3]. Use a Riemann sum with nine terms to
estimate the value of [[, f(x,y) dA. Take the sample points to
be the upper right corners of the squares.

10

\

Use the Midpoint Rule to estimate the integral in Exercise 1.

3-8 Calculate the iterated integral.

3. J.lz Joz (y + 2xe”) dx dy 4. jol J;)l ye™ dx dy
> J.ol f(: cos(x?) dy dx 6. Jol f‘ 3xy* dy dx
7. Joﬂ J‘Ol fo\/m ysinx dz dy dx 8. jol J(: Ll 6xyz dz dx dy

9-10 Write | fR f(x,y) dA as an iterated integral, where R is the

region shown and f is an arbitrary continuous function on R.

9. y 10. y
4
R
2 R
-4 -2 0 2 4 x —4 0 4 x
11. The cylindrical coordinates of a point are (2 V3, m/3, 2). Find

12.

13.

14.

the rectangular and spherical coordinates of the point.

The rectangular coordinates of a point are (2, 2, —1). Find the
cylindrical and spherical coordinates of the point.

The spherical coordinates of a point are (8, /4, 7/6). Find
the rectangular and cylindrical coordinates of the point.

Identify the surfaces whose equations are given.

(@ 6 =m/4 (b) ¢ =m/4

15.

16.

17.

18.

Write the equation in cylindrical coordinates and in spherical
coordinates.

(@ x> +y*+z2=4 (b) x> +y*=4

Sketch the solid consisting of all points with spherical coor-
dinates (p, 0, ¢) such that 0 < 0 < 7/2,0 < ¢ < 7/6, and
0<p =<2coso.

Describe the region whose area is given by the integral
J‘ﬂ/Z J‘sin 260 - dr d@
0 0
Describe the solid whose volume is given by the integral
/2 (w2 (2 2
fo ‘[0 fl p*sing dp d do

and evaluate the integral.

19-20 Calculate the iterated integral by first reversing the order of
integration.

19

20. fol fk ye;‘z dx dy

. fol Ll cos(y?) dy dx B

21-34 Calculate the value of the multiple integral.

21.
22,

23.

24,

25.

26.

27.

28.

29,

30.

31.

32

[[rye™ dA, whereR ={(x,y) |0 =x<2, 0<y=<3}

[[,xydA, where D ={(x,y) | 0<y<1, y’<sx<y+2}

jf 1 -i)-;xz
D

where D is bounded by y = \/;,y =0,x=1

ﬂl-:xz
D

vertices (0, 0), (1, 1), and (0, 1)

dA,

dA, where D is the triangular region with

[,y dA, where D is the region in the first quadrant bounded by
the parabolas x = y?and x = 8 — y?

[[,y dA, where D is the region in the first quadrant that lies
above the hyperbola xy = 1 and the line y = x and below the
liney =2

[[, (x* + y2)¥*dA, where D is the region in the first
quadrant bounded by the lines y = 0 and y = /3 x and the
circle x> + y> =9

([, x dA, where D is the region in the first quadrant that lies
between the circles x> + y> = 1 and x> + y> =2

[[f . xy @V, where
E={xy2|0<sx<30sysxy 0s<zs<x-+y}
[[f, xy dV, where T is the solid tetrahedron with vertices
(0,0,0), (1,0, 0), (0. 1,0), and (0,0, 1)

[[f; y*22dV, where E is bounded by the paraboloid
x=1—y*— z?and the plane x = 0

. [[fz dV, where E is bounded by the planes y = 0,z = 0,
x + y = 2 and the cylinder y> + z* = 1 in the first octant
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33

34

. [[[; yz dV, where E lies above the plane z = 0, below

the plane z = y, and inside the cylinder x> + y* = 4

. [, 2°Vx* + y2 + 22 @V, where H is the solid hemisphere
that lies above the xy-plane and has center the origin and
radius 1

35-40 Find the volume of the given solid.

35

36.

37.

38.

39.

40.

. Under the paraboloid z = x* + 4y* and above the rectangle
R =10,2] X [1,4]

Under the surface z = x*y and above the triangle in the
xy-plane with vertices (1, 0), (2, 1), and (4, 0)

The solid tetrahedron with vertices (0, 0, 0), (0, 0, 1),
(0,2,0),and (2,2,0)

Bounded by the cylinder x* + y* = 4 and the planes z = 0
andy +z=3

One of the wedges cut from the cylinder x> + 9y? = a* by
the planes z = 0 and z = mx

Above the paraboloid z = x* + y? and below the half-cone
7= x>+ y2

41.

42,

43.

44,

45.

[[ 46

47

Consider a lamina that occupies the region D bounded by

the parabola x = 1 — y? and the coordinate axes in the first

quadrant with density function p(x, y) = y.

(a) Find the mass of the lamina.

(b) Find the center of mass.

(c) Find the moments of inertia and radii of gyration about
the x- and y-axes.

A lamina occupies the part of the disk x* + y* < a” that

lies in the first quadrant.

(a) Find the centroid of the lamina.

(b) Find the center of mass of the lamina if the density
function is p(x, y) = xy>.

(a) Find the centroid of a solid right circular cone with
height / and base radius a. (Place the cone so that its
base is in the xy-plane with center the origin and its axis
along the positive z-axis.)

(b) If the cone has density function p(x, y, z) = Jx2+ y2,
find the moment of inertia of the cone about its axis (the
z-axis).

Find the area of the part of the cone z* = a*(x* + y?)
between the planes z = 1 and z = 2.

Find the area of the part of the surface z = x? + y that lies
above the triangle with vertices (0, 0), (1, 0), and (0, 2).

. Graph the surface z = xsiny, 3 sx <3, —w<sy=<m,
and find its surface area correct to four decimal places.

. Use polar coordinates to evaluate

3 VO 3 2
fo Lﬂ(x + xy?) dy dx

48

A 49

[\ 50

51.

52.

53.

54.

55.

56.

57.

58.

CHAPTER 15 Review 1063

. Use spherical coordinates to evaluate
f—zjo 7\/my x2+ y2+ z2 dzdxdy

. If D is the region bounded by the curves y = 1 — x? and
y = e, find the approximate value of the integral [[, y>dA.
(Use a graphing device to estimate the points of intersection
of the curves.)

. Find the center of mass of the solid tetrahedron with verti-
ces (0,0, 0), (1,0,0), (0, 2,0), (0, 0, 3) and density function
p(x,y,z) = x* + y> + 2%

The joint density function for random variables X and Y is

Clx +y)
0

ifO0sx<3 0sys2

otherwise

fx,y) —{

(a) Find the value of the constant C.
(b) Find PX <2,Y=1).
(¢) Find PX + Y < 1).

A lamp has three bulbs, each of a type with average lifetime
800 hours. If we model the probability of failure of a bulb
by an exponential density function with mean 800, find

the probability that all three bulbs fail within a total of

1000 hours.

Rewrite the integral
1 1 [l-y
.’11 Lz JO f(x,y,2) dz dy dx

as an iterated integral in the order dx dy dz.

Give five other iterated integrals that are equal to

2 ,V3 y2
f() f() \ f(x,y,z2) dz dx dy

Use the transformation u = x — y, v = x + y to evaluate

i

where R is the square with vertices (0, 2), (1, 1), (2, 2),
and (1, 3).

X—-y
x+y

dA

Use the transformation x = u?, y = v, z = w’to
find the volume of the region bounded by the surface
Jx + 4y + /z = 1 and the coordinate planes.

Use the change of variables formula and an appropriate
transformation to evaluate ||, xy dA, where R is the square
with vertices (0, 0), (1, 1), (2, 0), and (1, —1).

The Mean Value Theorem for double integrals says that
if f is a continuous function on a plane region D that is of
type I or II, then there exists a point (xo, yo) in D such that

([ £6ey) da = fxo, ) AD)
D

Use the Extreme Value Theorem (14.7.8) and Property
15.2.11 of integrals to prove this theorem. (Use the proof of
the single-variable version in Section 6.5 as a guide.)
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59. Suppose that f is continuous on a disk that contains the (b) For what values of n does the integral in part (a) have a
point (a, b). Let D, be the closed disk with center («a, b) and limit as r — 072
radius r. Use the Mean Value Theorem for double integrals (see . 1 . .
Exercise 58) to show that (¢) Find j)ﬂ (X% + y2 + 22y dV, where E is the region
. 1 bounded by the spheres with center the origin and radii r
1 A = b
Py Wr2£ff(x,y)d fla. b) and R, 0 < r <R.
" (d) For what values of n does the integral in part (c) have a
1 I +
60. (a) Evaluate g m dA, where n is an integer and D limitas r — 077

is the region bounded by the circles with center the origin
andradii rand R, 0 < r <R.
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