Math 162 - Spring 2025

Workshop 8 Solution

Mar 24 - Mar 28

10.1-4 Parametric Equations and Polar Coordinates

Problem 1. z = sin(t), y=1—cos(t), 0<t<2rm

(a) Sketch the curve by using the parametric equations to plot points. Indicate with arrow the
direction in which the curve is traced as ¢ increases.

(b) Eliminate the parameter to find a Cartesian equation of the curve.

Solution:

r=sint, y=1—cost, 0<t< 27
t 10 7/2 ©® 37/2 27
)| = 1 0 -1 0
y|o 1 2 1 0

[e)

t=3m/2,

(—1, 1)

(b)z =sint,y=1—cost [ory—1= —cost] =
22+ (y—1)? = (sint)* + (—cost)? = 2* + (y — 1)* = 1.
As t varies from 0 to 2, the circle with center (0, 1) and radius 1 is traced out.

Problem 2. Find parametric equations for the path of a particle that moves along the circle
22 + (y — 1)? = 4 in the manner described.

(a) Once around clockwise, starting at (2, 1)

(b) Three times around counterclockwise, starting at (2, 1)

(c) Halfway around counterclockwise, starting at (0, 3)



Solution:
The circle 22+ (y—1)? = 4 has center (0, 1) and radius 2, then it can be represented by z = 2 cost,
y =1+ 2sint,0 <t < 27. This representation gives us the circle with a counterclockwise ori-
entation starting at (2, 1).
(a) To get a clockwise orientation, we could change the equations to x = 2cost,y = 1 —
2sint,0 <t < 27,
(b) To get three times around in the counterclockwise direction, we use the original equations
x =2cost,y =1+ 2sint with the domain expanded to 0 < ¢ < 6.
(c) To start at (0, 3) using the original equations, we must have z; = 0; that is, 2 cost = 0. Hence,
t= % Soweuse r = 2cost,y = 1+28111t,% <t < 37”

Alternatively, if we want ¢ to start at 0, we could change the equations of the curve. For
example, we could use x = —2sint,y =1+ 2cost,0 <t < 7.

Problem 3. x =t —In(t), y=1+In(t)
Find Z_Z and 22712/. For which values of ¢ is curve concave upward?

Solution:

v =t—Int,y=t+Int [notethatt > 0] = % = Z%iﬁ — iﬂﬁ
=DM+ ()

(Ef_’ll;jt = (;zlt)g,. The curve is CU when ;’i—g > 0, that is, when 0 < ¢ < 1.

_ 41 acy
_t_1:> s =

Problem 4. Identify the curve by finding a Cartesian equation for the curve
(@) r = 4sec(d), (b)r?sin(20) =1  (c) r = 5cos()
Solution:
(@7 =4secl & 5 =4 rcost =4 & x =4, avertical line.
(b)

1
r?sin20 = 1 < r*(2sinfcosf) = 1 < 2(rcosf)(rsinf) =1 < 2ry =1 < 2y = 2 a hyperbola

centered at the origin with foci on the line y = z.

(©)

25 25 5\° 25
7’:50089:>7’2:5rcosﬁ<:>x2+y2:5x<:>x2—5x+z+y2:Z<:> (x—§> _HfZZ,

a circle of radius 3 centered at (g, 0). The first two equations are actually equivalent since r? =
5recos = r(r —5cosf) =0 = r = 0orr = 5cosf. But r = 5cosf gives the point r = 0
(the pole) when 6 = 0. Thus, the equation r = 5 cos ) is equivalent to the compound condition (
r=0orr=>5cosf).

Problem 5. Find a polar equation for the curve represented by the given Cartesian equation.
@y=V3z, (by=-22" (92°+y° =4y



Solution:
gia))) y =3z =L =13x#0]=tanf = V3 = 0 = Z or 2 [either incudes the pole]

y=—22" = rsinf = —2(rcosf)* = rsinf + 2r* cos’0 = 0 = r (sinf + 2rcos’0) = 0 =

r=0orr = —21‘;29 = —%taanecG. r = 0 is included in r = —%tanGsec@ when 6 = 0, so
the curve is represented by the single equation r = —% tan # sec 6.

(©)
2+ y? =4y =P =4drsinf = r* —4rsinf =0 = r(r —4sinf) =0 =r =0 orr = 4sind.

r = 0 is included in » = 4sin 6 when 6 = 0, so the curve is represented by the single equation
r =4sind.

Problem 6. Find the area of the region that lies inside both curves
(@) r = 3sin(f), r = 3cos(d)
(b)r =1+ cos(@), ,r=1—cos(f)

Solution: _
3sinf

COS

w/4 1 w/4 w/4 1
A= 2/ ~(3sin6)*df = / 9sin? 0d) = / 9. —(1 — cos26)db
0 2 0 0 2

99 9. 9 T for 9
/0 (2 5 €08 9) do [29 1 5in (9]0 (8 4) (0-0)

_97T 9

3sinf = 3cosl = =]l=tanf=1=0=

=

N

(a)

8§ 4

r=3smfd




A

w/2 1 w/2
4/ 5(1—008‘9)2d¢9—2/ (1 —2cos6 + cos®§) db
0 0

w/2 1
2/ [1—200894—5(14-00829)] df
0

:2/ (5—20059—1—500520) d9:/ (3 — 4 cosb + cos 260)db
0 0
w/2
= {30—4sin9+lsin29} :3—7T—4
2 .2
r=1—cos# r=1+cos#t
5 -

Problem 7. Find the exact length of the polar curve.
(@r=e’2 0<0<7/2
(b) r =2(1 + cos(8))

Solution:

/”ﬂmde—/ \/ee/z _66/2 d@—/ \/69/2 1+ )dH
I e

b 27 27
:/ \/r2+(dr/d0)2d9:/ \/[2(1—1—0086’)]2—1—(—231n6’)2d0:/ V4 +8cosf + 4 cos? 6 + 4
27
= \/8+SCOS dH—\/_/ V1 + cos d@-\/_/ \/2 —1+cos€)d9

0

—f/ \/2cos? = de_ff/

8[2sm2L —=8(2) =16

0
COS—‘ dg =4-2 / cos — d9 [by symmetry]



