Math 162: Calculus ITA

Second Midterm Exam ANSWERS
April 2, 2019

1. (20 points) Consider the curve C' defined by the parametric equations

AV t?
= \3/’_ and  y=In(t) — 3 for t > 0.

X

Find the length of the curve C' between the points (%, —%) and (%, 2In(2) — 63—4).

—20F

Answer:
Note that . dy L
4 2Vt and i =t
hence s  dyes . )
(a) =4t and bzg(g) =t -2+ t"

Also, the endpoints correspond to ¢t = 1 and t = 4. Then the arc length is

/14 \/<Ccii_f>2 + <%>2dt = /14 VAL 12— 2t + thdt
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4

:/ V=2 4+ 2t + tAdt
4

= / V(T 12)2dt
4

= / (¢t +*)dt
1

1
= (e + 5#) I}

= (n(9) + 4;) — (m()+ %)

=2In(2) + % =21n(2) + 21

2. (20 points) Determine if the following sequences are convergent or divergent. If it is

convergent, give its limit.

(a)

{cos(n®*m): n > 0}.

Answer:

Since

) —1 nis odd.
cos(n°m) =
1 n is even,

we know that this sequence is divergent.

(b) {Lsﬂ/n):ny}.

sin?(1/n)
Answer:
We have
1 —cos(1/n) lim 1 —cos(1/n)
noo sin?(1/n) oo 1 — cos?(1/n)
o 1
e 1t cos(1/n)
= 1/2

Therefore, this sequence it convergent with limit 1/2.
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3. (20 points) (a) Find the area of the surface obtained by rotating the curve y = J/z

about the y-axis for 0 <y < 1.

10
08f
06+
04+

0.2

0.0
I
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Answer:

The curve being rotated can be described as o = 33, 0 <y < 1.

1
S:/ 2mads,
0

The surface area is

where
d 2
ds =41+ (_x) dy
dy
We have p
x
B
dy Y,
SO
d
1+ (ﬁﬁ =149y
Hence

1
S:/ 2my3/1 + 9yidy
0

Make the substitution « = 1+ 9y*. Then du = 363°dy. When y = 0, u = 1, and when y = 1,

u = 10.

So

10 10
S = / 27r(1/36)u1/2du _ T [guz/z] _ T [103/2 _ 1].
1

18 L3 1 27

Page 3 of 8



April 2, 2019 Second Midterm Exam Math 162 (Calculus ITA)

(b) The curve 16z = y* + 32 is rotated about the z-axis from z = 2 to x = 6. Find the area

S of the resulting surface.

8

Answer:

6
S = / 2my\/1 + (dy/dz)*dx
2

162 = y* + 32,

so 16dzr = 2ydy, 8dxr = ydy,

2
& =8/y, 1+ () =1+64/y> = 7,
V1+ (dy/dz)? = \/y2 + 64/y.

The curve is 16z = y* + 32, so y* + 64 = 16z + 32 = 16(z + 2). Hence

V1+ (dy/dz)? = \/16(z +2)/y = 4/ + 2/y.

Hence

6 6
S:27T/y-4-\/x+2/ydx:87r/ vV + 2dz.
2 2

Make the substitution u = z + 2. Then du = dx. When x = 2, v = 4, and when z = 6,
u = 8.
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So

83/2 . 43/2)
29/2 o 26/2)

16/2 — 8).

—_
(=)
\
w

S~— ~—
3

/N /N TN

4. (20 points)

(a) Find the area inside the polar curve r = 4 cos(f) and outside the polar curve r = 2.

2F

Answer:

The curves intersect when 4cos(d) = 2 or cos(d) = 3. We know cos™'(3) = % so the

points of intersection are 6; = —% and 6, = Z. Thus,

w/3 /3
A:/ Ltacos0)?2 — (2)7] d9:2/ %[(40050)2— (2)2 o

—7/3 0

m/3 m/3
:/ [16 cos® § — 4] df :/ [8(1 + cos 26) — 4] df
0 0

/3 4
_/ [4+ 8 c0s20)] df = [40 + 4sin 26]7/° = =T + 23,
0

(b) Find the arc length of the boundary of the region inside the polar curve r = 4 cos(f) and

outside the polar curve r = 2 (the region from part (a)).

Answer:
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The points of intersection are the same as in part (a). Thus,

n/

w/3 3
AL:/ /22102 d0 + V/ (4cosB)? + (4sin6)2df = [29—1—4(9]71/:/3:471"
—n/3 —m/3

5. (20 points)

(a) Let a > 0 be a fixed positive number. Compute the definite integral
/2(1 dax
o3V —a?
Answer:

We set © = asecl. Then dr = asechtanfdf and 22 —a? = atanf. Also when
T = ay/2, secd =v/2 so that # = 7/4, and when z = 2a, secf = 2 so that § = 7/3. The

definite integral becomes

/2a dr /7‘(/3 06
— = sec .
avzVa? — a? 7/4

Now let u = sec + tanf so secfdf = du/u. When § = 7/4u = 1 ++/2 and when
0=m/3,u=2 +1/3, so the definite integral becomes

/3 24+/3
/ sect df = / d_u
/4 12 U

2+V3
= lnu|11ﬂ

—In(2+v3) —In(1 +v2) = In

2 4+/3
V2+1

L ((2 +¢5><¢§—1>> . ((ﬁm)(ﬂ—l))

vV2+1)6/2-1) vV2+1)0/2-1)
:1n<\/6+2\/§—\/§—2).

(b) Find the integral

/
dl’

Answer:
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We complete the square x? + 6x + 10 = (x + 3)> + 1. Then consider the substitution
u = x + 3, so that du = dz, and we find

| et | e
xXr = r = — au.
x? + 62 + 10 (x+3)2+1 u? 41

Next we use a trig substitution. Let u = tanf. Then du = sec?0df and Vu? +1 =
1secf, so that

1 1 1
dr = | ——du = sec20d0:/se09d9
/\/:c2—|—6:6—|—10 /\/u2—|—1 /sec@

=In|secl +tanf|+ C =In|[Vu2+1+u|+C

=In|V(@+3)?2+1+2+3[+C
=lIn|z + 3+ Va2 + 6z + 10| + C.
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Scratch paper
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