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Integration by parts formula: ∫
u dv = uv −

∫
v du

Trigonometric identities:

cos2(x) + sin2(x) = 1 sec2(x)− tan2(x) = 1

sin(2x) = 2 sin(x) cos(x)

cos2(x) =
1 + cos(2x)

2
sin2(x) =

1− cos(2x)

2

Derivatives of trig functions.

d sinx

dx
= cosx

d tanx

dx
= sec2 x

d secx

dx
= secx tanx

d cosx

dx
= − sinx

d cotx

dx
= − csc2 x

d cscx

dx
= − cscx cotx

Trigonometric substitution (known in Doug’s section as the rabbit trick.)) for odd powers of

secant and even powers of tangent:

u = sec(θ) + tan(θ) sec(θ)dθ =
du

u

sec(θ) =
u2 + 1

2u
tan(θ) =

u2 − 1

2u
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1. (20 points)

(a) (10 points) Find the integral ∫
x√

x2 − 6x+ 13
dx

ANSWER:
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(b) (10 points) Find the integral ∫
2x+ 1

x3 + 2x2 + x
dx.

ANSWER:
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2. (20 points)

(a) (10 points) Prove the reduction formula∫
sinn x dx = − 1

n
cosx sinn−1 x+

n− 1

n

∫
sinn−2 x dx,

where n ≥ 2 is an integer.

ANSWER:
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(b) (10 points) Use your formula repeatedly to find∫
sin4 x dx

ANSWER:
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3. (20 points) If a ̸= 0, evaluate∫
sin2(ax) cos2(ax) dx

in terms of a.

ANSWER:
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4. (20 points) This a work problem with metric units. Assume that acceleration due

to gravity is A meters per second per second. You should give your answer in joules as a

multiple of Aπ. The density of water is a thousand kilograms per cubic meter.

Consider the region of the xy-plane bounded by the curve y = x2 and the lines defined by

x = 0 and y = 3. Rotate this region about the y-axis to obtain a solid region or bowl, which

is filled with water. How much work is needed to pump the water about over the top of the

bowl?

ANSWER:
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5. (20 points)

Consider the region R bounded

by the x-axis, y-axis, the line

x = 1, and y = 1√
1+x2 .

(a) (10 points) Compute the volume of the solid obtained by revolving R about the x-axis.

ANSWER:
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(b) (10 points) Compute the volume of the solid obtained by revolving R about the y-axis.

ANSWER:
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Scratch paper
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Scratch paper
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Scratch paper
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Scratch paper
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