Math 162: Calculus ITA

First Midterm Exam ANSWERS
October 8, 2019

1. (20 points)

Evaluate the indefinite integral:

/tan?’(Ax + B)dx
Answer:
tan®(Ax + B) = (sec’(Az + B) — 1) tan(Azx + b)
/tan?’(Aaz + B)dx = /tan(Aa: + B)sec*(Ax + B)dx — /tan(A:z: + B)dx)

Let v = Az + B. Then dv = Adz, [tan(Az + B)dz = (1/A) [tanvdv = (1/A) In|secv| =
(1/A)In |sec(Ax + B)|

u = tan(Azx + B))

du = Asec?(Ax + B)dx

/ tan(Az + B) secX(Az + B)dz = (1/A) / wdu = (u2/24) = (1/24) tan(Az + B)

So
/tan3(Ax + B)dx = /tan(Aa: + B)sec’(Ax + B)dx — /tan(Ax + B)dx)

= (1/2A) tan*(Az + B) + (1/A) In|sec(Ax + B)| + C
2. (20 points) A cone shaped tank 4 meters high with a radius of 2 meters at the top

contains water of height 2 meters. Find the work done pumping the water to the top of the

tank. (The water density is p = 1000kg/m? and the gravity constant is g = 10m/s?)
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Answer:
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Put the bottom of this tank as the origin. For the disk of height y, by relation of similar

triangles, we have that its radius r(y) = 2. Therefore, we have
2 3,4
mpg 2 3 mpg Ayt y ]2 5
W = (4—y)dy = —= 4y —y’dy = ——(—— — —)| = =7mpglJ.
/ V’mpg(d —y)dy = = Ay == = )] = 37

3. (20 points)

e R e R e S B Bl Bl s i S 8 m

LS| 1 Consider the region R bounded
by the z-axis, y-axis, the line

1..:.__________________ 1 T = 17 a’nd y = \/11_?

L 3 0 i o il
(a) (10 points) Compute the volume of the solid obtained by revolving R about the z-axis.
Answer:

We can use the disk method. The volume equals

1 1 2 1
T — ) dz =7 —dx
/o <v1+x2> /o 1+ 22

=7 [arctan(z)];

T

4

(b) (10 points) Compute the volume of the solid obtained by revolving R about the y-axis.
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Answer:

We can use the shell method. The volume equals

/12 L /1 24
T —F———=aAXx =T —axr
0 V1+ a2 0o V1+ a2

Now, we can let w =1+ z? and f(u) = \/La So du = 2xdzx.

W/Q—xdx =T d_u

it Vi
=2mv/u+C
=27v1+ 22 4 C.

So the definite integral is

1
2z
T —— _dx =2x[V1 + 2]}

/o V1+ 22 [ b

—or (V2-1).
4. (20 points)
(a) (10 points) Use integration by parts to find a formula for
/ 2" sin x dx in terms of / r*" % sin x dx

Answer:

Using integration by parts twice we have

/x2"sinxdx = /xzn(— cosz) dx
= —g Cosm+2n/x2”_1 cosx dx

= —z" cosa:—i—Qn/xQ”_l(sinx)’dx

= —2*"cosx + 2nz*" sinz — 2n(2n — 1) /x2”2 sinz dx
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(b) (10 points) Use this formula to find

/ ztsinz dx.

Answer:

/m%inxdm = —:c4cosm+4x3sinx—4~3/a:2sina:dx
= —ztcosx+4xdsing — 12 <—x2cosx+2xsmx—2/sinxdx>

= —ztcosx + 4xdsinx — 12 (—x2 cosx + 2xsinzx + 2cosx) +C

= (—2* +122% — 24) cos x + (42® — 247x)sinx + C

5. (20 points) (a) (10 points) Find the integral

/0 dx
Va2 4+ 4x+ 3
Answer:

We have
?+dr+3=(z+2)* -1

We use the substitution x + 2 = sec . Then we have

dr = secOtan6db
Vrzi+4r+3 = tand

so our integral is

0 dr w/3
—_— = sec 0do
/—1\/ 22 +4x+3 /0
w/3

= In|secf + tand|,

= Inf/3+2)

(b) (10 points) Find the integral
6
/ V8x — x2dx.
4
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Answer:
We have
8r — 2 =16 — (v — 4)*

We use the substitution z — 4 = 4sin 6. From this we get

dr = 4cos0df
V8r — 2?2 = 4cos0

/6 /6
/ (4cos@)4dcosfdfd = 16/ cos® 0do
0 0
w/6
= 8/ (1 4 cos 260)db
0

_ 3 (9 + Sin;e) o

4

0
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Scratch paper
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