Math 162: Calculus ITA

Final Exam ANSWERS
December 17, 2023

HANDY DANDY FORMULAS

Integration by parts formula:

/udv—uv—/vdu

Trigonometric identities:

cos’f +sin’60 = 1 sec?f —tan?f =1
sin(a + ) = sinacos 5 + cos asin cos(a + ) = cosavcos f — sinasin 3
cos ) — 1+ (:208 20 sin? g — 1— (:208 20

Derivatives of trig functions.

dsinx dtanz 9 dsecx
= COoST = sec” x =secrtanz
dx dz dx
dcoszx ) dcotx 9 dcescx
= —sinx = —cscix = —cscxcotw
dz dz dx
Trigonometric substitution for integrals of the form
/tanm rsec" xdr with n > 0,
known in Doug’s section as the rabbit trick.
du
u=secr + tanx secxdr = —
U
w? 41 w? —1
secr = tanx =
2u 2u

Area of surface of revolution in rectangular coordinates, y = f(x) with a < x <b

b
e about the z-axis: S = 27r/ fl@e)/1+ f'(x)?dx
b
e about the y-axis: S = 27r/ /14 f(x)?dz
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MORE FORMULAS FOR YOUR ENJOYMENT

Polar coordinates

r :\/W 0 = arctan(y/z) for x > 0
7 + arctan(y/z)for < 0
m/2for x =0 and y > 0
3rn/2for x =0and y <0
undefinedfor (x,y) = (0,0)

x =rcost y =rsinf

Changing 6 by any multiple of 27 does not change the location of the point. Changing the
sign of 7 is equivalent to adding 7 to 6, which is the same as moving the point to one in the

opposite direction and the same distance from the origin.

Area in polar coordinates for r = f(0) with a < 0 < :
B2
A= —db
|
Arc length formulas
e Rectangular coordinates, y = f(x) with a < x < b:
b
= / V1+ fl(z)?de
e Polar coordinates, 7 = f(6) with a <0 < 5:
B
_ / NIRRT

e Parametric equations, r = z(t) and y = y(t) with a <t < b:

-G
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INFINITE SERIES FORMULAS

The Maclaurin series for f(z) is

=00
>

The Taylor series for f(z) at a is

n!

o £(n)(q
Zf ( )(:v—a)".

The nth Taylor polynomial is

Taylor’s inequality says that if | f("*1)(2)| < M for suitable z, then

| Rn(2)] <

|;1: _ a|n+1M
(n+1)!
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Part A
1. (10 points)

Evaluate the integral

/arctan(Qx)dx.

Answer:

Using integration by parts with v = arctan(2x) and dv = dzx yields du = H% and v = x,

so we have
2z

d
1+ 42"

/arctan(?.r)da: = zrarctan(2z) — /

then a substitution of w = 1 + 422, dw = S8xdx yields

2x 1 [dw 1 1
dr == [ 22— Zlnjw| = € = = In(1 + 422) —
/1—1—4x2$ 1w 4n|w| C 4n(+x) C

thus .
/arctan(2:c)dx = rarctan(2x) — 1 In(1 + 42°) + C.
2. (20 points) Find the arc length of the following parametric curve.
x=2cos’(t), y=3sin’(t), 0<t<T.
Hint: Find the arc-length for 0 < ¢ < 7/2 and then multiply your result by 2.

hd

A

Answer:

We have p d
d_:i = 6cos’(t)(—sin(t)) and d_?z = 6sin(t) cos(t)
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and therefore

ds = \/36 cost(t) sin?(t) + 36 sin?(t) cos?(t) = 6| cos(t) sin(t)|\/1 + cos?(t)dt.

For 0 <t < /2, cos(t)sin(t) > 0, so
w/2
arc-length = 2 / ds
0
w/2
2/ 6] cos(t) sin(t)|\/1 + cos?(t) dt
0

w/2
2/ 6 cos(t) sin(t)+/1 + cos?(t) dt
0
1
:2/ —3vudu
2

where u = 1 4 cos?(t)
and du = —2sin(t) cos(t)dt

2
:6/ Vudu
1

2
= 6gu3/2
3 1

=4(2v2 - 1)

3. (20 points)

(a) (10 points) Fix a positive number t. Compute the volume of the solid generated by

rotating the region bounded by the curves y = \/z(x — 1)(x +t), y = 0, about the z-axis.

Your answer should be a function of .
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Answer:

We use the washer method. First note that x = —¢ and 2z = 0 are the two z-values where
the curve y = \/z(x — 1)(x + t) meets the z-axis. So

0
volume = / my? dx

—t

_ /Oﬂx(x 1)@+ 1) da

12 6

(b) (10 points) Fix a positive number t. Set up the integral for the volume of the region
bounded by y = v/z(z — 1)(z + t), y = 0 and rotated around the line z = 1. Your integral

should depend on ¢. Do not evaluate the integral.

Answer:

Using the shell method we have shells of radius (1—x), thickness dz and height \/x(z — 1)(x + ).

Thus the volume is

V= 027r(1 —z)x(r — 1)(z +t)dr.

—t
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4. (20 points) Find the area inside the outer (larger) loop but outside the inner (smaller)
loop of the limagon r = 1 4 2 cos(0).

151

101

05

0.0

—057]

-101

-151

Answer:

The curve intersects itself when the radius equals zero, or 2cos(f) = —1, which means

_ -1 —1/=1\ _ 27 : : : _ 27 __ 4w
cos(f) = 5. We know cos™ () = 7 so the points of intersection are ¢; = < and 0, = 7.
—2n %” and contains area A;, while the inner loop is

The outer loop is traced out from =% to
4T (with negative radius) and contains area A;. The desired area is

3
then A = A; — A,. First, we compute the indefinite integral

traced out from %’r to

/(1 +2cos(0))? df = /(1 + 4 cos(6) + 4 cos*(6)) df
= /(1 + 4 cos(f) + 2(1 4 cos(26))) db

= /(3 + 4 cos(0) + 2 cos(26)) do

= 30 + 4sin(0) + sin(26).
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Then we compute the two separate areas (since they are traced out for different intervals)

A = %/312(19—2 %/311 2 cos(6))? db
1= r = 2( + 2cos(h))
0

—27/3
3v/3

= [30 + 4 sin(0) + sin(260 27r/3:27T—|—
0 2

4 /3 1 ™ 1
Ay = / —r?df = 2/ 5(1 + 2cos(0))? d
2 2

/3 /3
3V3
= [30 + 4sin(0) + sin(20)]3, 53 = 7 — T\/_

A=A — Ay =7+ 3V3.

5. (15 points) Compute the following indefinite integral:

% + 3z
/ o dx

Answer:

We need long division:

1

?—1) 2*+3z
— 22 +1
3r+1

Then, we can rewrite the integrand as

x? + 3z 3r+1
+

x?—1 x? —1
We can apply partial fraction to the later term and get

x2+3x_1+ 2 n 1
22—1 z—1 z+1

and we are ready to integrate

2% + 3z 2 1
/q:2—1 dx_/dx+/:c—1dx+/x+1dx

=z +2njz—1|+Injz+1/+C

6. (15 points) Compute the following indefinite integral:

22 dx
(1— x2)3/2
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Answer:

We will apply a trig substitution: x = sinf, then dx = cos 6df and
[t [ e o
.,
— [ S
= / tan? 6d6
= / sec? ) — 1df

=tand — 04+ C.

From sin # = x, by drawing a right triangle with one angle 6, we can check that

x

tanf = ——,

Var—1

so the answer becomes
2
x x
—  dr = —— —arcsinz + C
/ (1= a2)3 T

Part B
7. (20 points)

(a) (10 points) Determine whether the series

o0

Sy

n=1

is absolutely convergent, conditionally convergent, or divergent.
Answer:

The series converges by the alternating series test. It converges absolutely by the intgeral

test or the p-test.
(b) (10 points) Estimate the sum of the series with an accuracy of .01 = 1/100.
Answer:

The alternating series is
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Its third terms is less that .005 = 1/200, so the sum of the first two terms will give the
desired precision. That sum is

31
l——=—==. .
35 3o 96875

8. (20 points)

(a) (10 points) Find a power series representation centered at 1 as well as the radius and

interval of convergence for the function

r—1

Answer:

Write f(x) as the sum a/(1—r) of a geometric series > -, ar™! [which converges iff |r| < 1]

r—1 r—1 HEEY =, r—1\"" & (-1)!
e = = = = —1 _— = _— —1”
) = S s e "1+ (5)) 25l (= 2 g e
n=1 n=1
This converges if and only if:
-1
]r1:¥<1<:>|x—1\<3

So the radius of convergence is R = 3 and the interval of convergence is (—2,4).

(b) (10 points) Write the following integral as a power series in z — 1. What is the radius of

-1
/x dx
T+ 2

convergence of this power series?

Answer:

By the integration theorem:

-1 o0 —1)n—1
/x dx:/ ( 31 (x —1)"dx for |z —1| <3

T —2 vt
:Z (_;Zln_ (x — 1)"dx
-y e -y

with the same radius of convergence R = 3.
9. (20 points)
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()

n

0 |
(10 points) Find the radius of convergence of the series nz::l T3 5nx on= 1)

Answer:

Applying Ratio test, we have:

. |ana _ (n+ 1)lzmt! 1-3---(2n—1)
li = lim :
n—oo | Gy n—oo|1-3---(2n—1)-(2n+1) nlzn
1 1
= lim (n+ Lz = |z| - lim ntl_ m
n—oo| 2n +1 n—oo 21 + 1 2

[ee]
Therefore, the series »

2135 (2n=1) has the radius of convergence R = 2.

n

00 |
(10 points) Find the interval of convergence of the series nZ::l T3 5nx Gno 1)

Answer:

We know that the series is convergent for x € (—2,2), but we are uncertain about its

convergence at the endpoints.

If |x| = 2, then we see that the absolute value of the nth term of the series is equal to

nl. 2" 2.4...2n 2 4 2n

1.3 (2n—1 1-3--2n—1) 1 3 2n-1

because it is a product of n numbers, each of which is greater than 1.

> 1,

Therefore, the nth term does not go to zero as n — 0o, and hence the series is divergent

for x = £2. Therefore, the interval of convergence is (—2,2).

10. (20 points)

Decide whether the following series are absolutely convergent, conditionally convergent, or

divergent. Give reasoning for your answers.

(a) (10 points)

Answer:

This is an alternating series. To show that it is convergent, it suffices to demonstrate
that

6l/n

n3
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monotonically goes to zero.

We note that

1/n
e e
0< n3 — n3’
Hence, by the squeeze theorem,
61/11
hm 3 = O
n—,oo M

Since n < n + 1, then 1/n® > 1/(n + 1)3. Additionally, e/ > /(1) and hence

el/n el/(n+1)

> .
n3 (n+1)3

el/n o0
TLS n=1
is monotonic. Therefore, by the alternating series test, the series

> Ll

n=1

This shows that the sequence

n 1/n

is convergent.

Moreover, the series is absolutely convergent because

(_1)nel/n 6l/n e
= < =
n3 n3 — n3’
and the series
o0
>
3
n=1 n

is convergent. Hence, by the comparison test, the series

> ke

n=1

n 1/n

is also convergent.
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(b) (10 points)

f: lnn

n=1
Answer:

This is an alternating series, and to show that it is convergent, it suffices to demonstrate

{lnn }OO
7’L2 n=1

monotonically goes to zero. To establish its monotonicity, one can consider the function
f(z) = (Inz)/z* Note that

f'(x) =

that the sequence

1-2
23

{lnn }OO
77,2 n=1

is decreasing as well. Applying L’Hopital’s rule, we can show that f(z) — 0 as z — oo,

<0 for x > 2.

Hence, the sequence

which implies that the sequence goes to zero as well.

Therefore, the series

i lnn

n=1
is convergent.

It is absolutely convergent because the series

o0
Inn

n2
n=1

is convergent by the comparison test. Indeed, for sufficiently large n, we have Inn < /n,

and hence
Inn
e
n2 = p3/2
and the series
=1
D e
n=1
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is convergent.

This is scratch paper. If you use it to work on a problem, please indicate so on the

page where that problem occurs.
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Second scratch paper page. If you use it to work on a problem, please indicate so on

the page where that problem occurs.
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Third scratch paper page. If you use it to work on a problem, please indicate so on the

page where that problem occurs.
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Fourth scratch paper page. If you use it to work on a problem, please indicate so on

the page where that problem occurs.
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Fifth scratch paper page. If you use it to work on a problem, please indicate so on the

page where that problem occurs.
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