Math 162: Calculus ITA

Final Exam ANSWERS
December 14, 2021

HANDY DANDY FORMULAS

Integration by parts formula:

/udv—uv—/vdu

Trigonometric identities:

cos’f +sin’60 = 1 sec?f —tan?f =1
sin(a + ) = sinacos 5 + cos asin cos(a + ) = cosavcos f — sinasin 3
cos ) — 1+ (:208 20 sin? g — 1— (:208 20

Derivatives of trig functions.

dsinx dtanz 9 dsecx
= COoST = sec” x =secrtanz
dx dz dx
dcoszx ) dcotx 9 dcescx
= —sinx = —cscix = —cscxcotw
dz dz dx
Trigonometric substitution for integrals of the form
/tanm rsec" xdr with n > 0,
known in Doug’s section as the rabbit trick.
du
u=secr + tanx secxdr = —
U
w? 41 w? —1
secr = tanx =
2u 2u

Area of surface of revolution in rectangular coordinates, y = f(x) with a < x <b

b
e about the z-axis: S = 27r/ fl@e)/1+ f'(x)?dx
b
e about the y-axis: S = 27r/ /14 f(x)?dz
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MORE FORMULAS FOR YOUR ENJOYMENT

Polar coordinates

r :\/W 0 = arctan(y/z) for x > 0
7 + arctan(y/z)for < 0
m/2for x =0 and y > 0
3rn/2for x =0and y <0
undefinedfor (x,y) = (0,0)

x =rcost y =rsinf

Changing 6 by any multiple of 27 does not change the location of the point. Changing the
sign of 7 is equivalent to adding 7 to 6, which is the same as moving the point to one in the

opposite direction and the same distance from the origin.

Area in polar coordinates for r = f(0) with a < 0 < :
B2
A= —db
|
Arc length formulas
e Rectangular coordinates, y = f(x) with a < x < b:
b
= / V1+ fl(z)?de
e Polar coordinates, 7 = f(6) with a <0 < 5:
B
_ / NIRRT

e Parametric equations, r = z(t) and y = y(t) with a <t < b:

-G
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INFINITE SERIES FORMULAS

The Maclaurin series for f(z) is

=00
>

The Taylor series for f(z) at a is

n!

o £(n)(q
Zf ( )(:v—a)".

The mth Taylor polynomial is

Taylor’s inequality says that if | £+ (z)| < M for suitable z, then

[ R (2)] <

(x —a)"t M
(n+1)!
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Part A

1. (20 points)

(a) (10 points) The form of the partial fraction decomposition of the function is given below:

322 +3x+3 A Bz +C

@G-8+ 1-3 214

Find the coefficients A, B and C'.

Answer:
3 +3x+3 A +B$—|—C’
(x—3)(22+4) -3 22+4
32° +3x+3=A(z" +4) + (Bx + C)(z — 3).
Pluginz =3:

214+9+3=39=134,= A=3.

Therefore, 322 +3x+3 = 3(2*+4)+ (Bx+C)(x—3) = (3+ B)2*+(C—3B)z+12-3C.
Matching coefficients of appropriate degrees of x, we get 3 =3+ B and 3 =12 — 3C.
So B=0and C = 3.

(b) (10 points) Evaluate the following integral:

/ 32+ 3z +3
(

32+
Answer:
From part (a):
/ 3x? 4+ 3z + 3
dz
(x —3)(x2+4)
3 3
pummy d .
/ x—3 + x2+4 v
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3

j2

3dx=31n|x—3|+0.

For [ 4dx we will use trig substitution:

xe +

tan() = /2 = 2tan(f) = x = 2sec?(0)df = dx. Also, cos(d) =

1
5 . After substituting,
x4 44
/ xzi 4d5L’ =3 [ cos?(0) sec*(0)d0 = 3 [ df = 30 + C' = 3arctan(z/2) + C
So in total,

/xi?) +xzi4dx:31n|x—3|+3arctan(x/2)+C’

2. (20 points) Consider the solid R formed by revolving the function y = v/4 — 22 around
the z-axis for 0 < z < 2.

(a) (10 points) Compute the volume of R.
Answer:

Using the Disk Method, the volume is

7r/4—xdm
0
%],
=7 |4 — —
3

_ 167
3

S

(b) (10 points) Compute the surface area of R.
Answer:

The formula for the surface area is
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_QW/ VIt (y)de
—27r/\/—7562\/1—|— W)de
:2w/\/m 1

2
_271'/\/ —xQ\/ 5+ z Sdz
4—22 4—=x

—2#/\/—7952

—.CEQ

= 27r/2dx = 2 [22]¢ = 8.
0

3. (10 points) Compute the following integral:

/ 2 In(z)dz

Answer:

We will do integration by parts: v = In(z), dv = zdz,= du = 1/xdz,v = 2% /2.

/xln( )dx_%n()—/gdx

r?In(x) 2? Lo

2 4

4. (20 points)

Find the arc length L of the polar curve, r = €?/4, from 6 = 0 to 6 = 4.
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Answer:

For future reference note that dr/df = e¢%/*/4. The polar arc length formula gives
4m
12+ (dr/df)*do
0471'
_ / et 102 /16 dp
4m
/ / o0/4 g9 — 7 60/4‘§7f

—\/_e —1).

5. (20 points)

(a) (10 points) Compute the volume of a region bounded by the curves y = 2° +1, y = 1

and z = 1 and rotated around the y-axis.
Answer:

Using the shell method we have shells of radius z, thickness dz and height (2°+1) —1 = 2°.

Therefore

1 711

2
V:/ oz - 20dr = 2ne | ="
0 Tl 7

(b) (10 points) Find the volume of the region bounded by y = 2%, y = 0 and z = 1 and
rotated around line x = 2. Use the shell method.

Answer:
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Using the shell method we have shells of radius (2 — z), thickness dz and height z*. Thus
the volume is

1
V= / 21(2 — x)2* dx
0

1
:7r/ 423 — 22t dx
0

1

Il

=)
VR

8

S

|

[N}
W\H

ot
~~

6. (20 points) Compute

2
x
/ (1— 4I2)3/2dx

Answer:

Consider the right triangle with hypotenuse 1 and sides 2x andy/1 — 422, Let 6 be the angle
opposite 2z. Then we have

sin 6

- dx:cosedﬁ

i i V1 — 42?2 = cos 0.

Writing the integral in term of 6,

/ x? dr — / (Sin2 9/4) cos @ df
(1 — 4a2)3/2 cos? 0 2
/ sin® 0 df

cos? 0
/tan2 0 do
/ (sec2 0 — 1) do
(tanf — 0) + ¢

2z
——— —arcsin2z | +c¢
(\/ 1 — 422 )

| = 0| = 0O = CO| = 0| =

7. (20 points)
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(a) (10 points) Find the area of the region both inside the circle = sin @ and outside the
circle r = cosf (both equations are in polar coordinates). The two circles are shown below.
THEY INTERSECT AT THE ORIGIN AND THE POLAR POINT (0,7) = (7/4,/2/2).

Answer:

Find the area of the region inside the first circle and outside the second by integrating

s 7,2 1 s 1 T
/ —d@z—/ sin29d«9:—/ (1—00820)d0
w/4 2 2 w/4 4 w/4

1 (37 sin27r+sin(7r/2) 1 37r+1 _37T+1
4\ 4 2 2 S 4\4 2) 16 8

and subtracting

/2 r2 1 /2 1 /2
/ ECM:E/ COSQQdQZZ/ (1+00829)d0

/4 /4 /4
1 (m sinm  sin(7/2) 1 (m 1
:z(ﬁ > T 2 )ZZ(Z_ﬁ)

T 1

So the area of the region is
3T n 1 T 1 o n 1
16 8 6 8) 8 4

(b) (10 points) Compute the equation (in Cartesian coordinates z,y) of the tangent line to

the circle » = sin 6 at the points where it intersects the circle » = cos 6
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Answer:

There are two intersection points, at (z,y) = (0,0) and (z,%) = (/2/2,/2/2), at which
the tangent lines to the upper circle are horizontal with equation y = 0 and vertical with

equation x =+/2/2 respectively.
Part B

8. (20 points) Let ¢ be a positive (greater than 0) real number.

(a) (10 points)

o

Find the radius of convergence of the series Z " (x — )™
n=0

Answer:

Applying the ratio test, we have

q2(n+1) (ZE _ 7T)n—&-l

¢z —m)"

Ap+1
Qp

lim

n—oo

= lim

= lim ¢*lz — 7| = ¢*|z — 7
n—oo n—o0

As ¢*lr — 7| < 1 if and only if |z — 7| < 1/¢?, we can conclude that the radius of

convergence is 1/¢>.

(b) (10 points) Find the interval of convergence of the series Z ¢ (x — )™
n=0

Answer:

To determine the interval of convergence, we plug in # = m+1/¢? into the original expression.
For © = 7 + 1/¢%, the series becomes Y >~ ¢*"(1/¢*)" = Y o, 1, which diverges; for z =
7 — 1/¢?, the series becomes Y 2 ¢*"(—1/¢*)" = > oo ,(—1)", which also diverges. Hence,
the interval of convergence is (7 — 1/¢* 7+ 1/¢°).

9. (20 points)

1
(a) (10 points) Consider the series Z )"1/ — + 1. Is this series conditionally conver-
n

gent, absolutely convergent, or d1vergent7 Explain your answer.

Answer:

1
The series is divergent, since lim (—1)"4/— -+ 1 does not exist.
n—o0 n
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—2)"

(b) (10 points) The series Z ( converges conditionally. How many terms do you

n=1
need to estimate the sum with an accuracy of 1/10007

[The series actually diverges. IGNORE THIS PROBLEM.]

Answer:

10. (20 points)

1
(a) (10 points) Find a power series expansion of f(x) = — centered at x = 1.
T

Answer:

1 1
Since — = = , we can use the geometric series expansion
r 1+(@x-1) 1—(—(x—-1))

to get
o
Z Yz —1)"

n=0

—_

1
(b) (10 points) Use your series from (a) to find a power series expansion of — centered at
x

r =1
Answer'
d (1 : : :
As — = —— [ — |, we can differentiate our series from (a) to get
xQ Cdz \=

o0

:—Zn "z —1)" in o — 1)
n=1

11. (20 points)

(a) (10 points) Show that the following series converges:

=1
;nS"

Answer:

[e.9]
For all n > 1, Ln < 5% 5n converges because it is a geometric series. Therefore, by the
n=1

Comparison Test, Z £= also converges.

Page 11 of 17



December 12, 2021 Final Exam Math 162 (Calculus ITA)

(b) (5 Points) Find the Maclaurin power series representation for —In |1 — z|. (Hint: What
is the Maclaurin series for 1/(1 — x)?7)

Answer:

[e.e]
ﬁ = Zo x". Taking the antiderivative of both sides, we get
n=

—In|l —z| = E T
n
n=1

(c) (5 Points) Find the value of the sereis of (a) in terms of the natural logarithm.

Answer:

Plug in £ for z in the Maclaurin series for —In|1 — z| to get

o0

> 15n = —1In(4/5) = In(5/4).

n .

n=1

This is scratch paper. If you use it to work on a problem, please indicate so on the page

where that problem occurs.
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Second scratch paper page. If you use it to work on a problem, please indicate so on the

page where that problem occurs.

Page 13 of 17



December 12, 2021 Final Exam Math 162 (Calculus ITA)

Third scratch paper page. If you use it to work on a problem, please indicate so on the

page where that problem occurs.

Page 14 of 17



December 12, 2021 Final Exam Math 162 (Calculus ITA)

Fourth scratch paper page. If you use it to work on a problem, please indicate so on the

page where that problem occurs.
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More scratch paper. If you use it to work on a problem, please indicate so on the page

where that problem occurs.
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And even more scratch paper. If you use it to work on a problem, please indicate so on the

page where that problem occurs.
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