Math 162: Calculus ITA

Final Exam ANSWERS
December 15, 2015

Part A
1. (15 points) Evaluate the integral

1
—_—dx.
2\ 2% 4+ 16

Answer:

Use the substitution x = 4tand. Then dx = 4sec? 0 df and

Va2 +16 = 1/16(tan?6 + 1) = V16sec? § = 4sech.

So
1 1
————dx = 4dsec’ 0 do
/ 22V 12 + 16 . / 16 tan? 04 sec Sec
1 cos 6 1 1 1
= — =— |- C=- C.
16 ) sm20 ™ " 16 [ sin@] 1658

From tan 6 = %, by drawing a right triangle with one angle 0, we can check that

T
sinf) = ——,
V2 + 16
so the answer becomes
1 Va2 + 16
-4 C.
16 T

2. (20 points)

(a) Compute the volume of a region bounded by the curves y = 2*+ 1, y = 1 and x = 1 and

rotated around the x-axis.

Answer:
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Using the washer method we have radii of 1 and 1 + 23, so

V—?T/l((l’ +1)*—1) do

(b) Set up the integral for the volume of the region bounded by y = z*, y = 0 and = = 2

and rotated around the z-axis. Use the washer method. Do not evaluate the integral.
Answer:

Using the washer method, the radius is 4, si

2
V:/ 22 dr.
0

3. (10 points)

Evaluate the integral

/ (Inz)? dz.

Answer:

Integrating by parts with v = (Inz)? and dv = dz, we get du = Qmed:z: and v = x, so that

/(lnx)zd:p = (Inxz)*z — /21nxd:)3

Integrating the second integral by parts again we get

the integral becomes

1
/21nxdx:2xlnx—2/x—dszxlnx—2x+C
x
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So that the final answer is

/(ln r)’dr = (Inx)*r —2xInz + 20 + C

4. (20 points)

(a) Find the partial fraction decomposition of

3x — 2
x?—x

Answer:

Factoring the denominator we get

3x—2_A B

»2?—x x x-1

Multiplying through by denominator we get the equation
3r—2=A(x—1)+ Bz

Substitution of x = 1, gives B = 1. Substitution of z = 0, gives A = 2. Therefore the partial

fraction decomposition is

3r —2 2 1
2 =

T —x r x-—1

(b) Write out the form of the partial fraction decomposition of the function

24 23 _
2+ 283+

Do not determine the numerical values of the coefficients.
Answer:
We factor the denominator as
2° +20° o = 2(2t + 227 + 1) = 2(2® + 1)?

Degree of the denominator is greater than that of the numerator. We obtain
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2 + 23 _A+BI+C+Dx+E
42224+ x 0 x2+1 0 (22+1)2

(c) Let
1 4x+5
Evaluate
[ s
Answer:

We split the integral into

dxdx 5dx
/f dx_/ 2 /2+1 /x2+1

dxdx
=Ilnxz+ 5 + Harctanz
4 +1

For the second integral we use the substitution v = 22 + 1, so du = 2xdx. The second

integral becomes

du

/f Jdz = Inx + Sarctan x + 2
u

=Inz +5arctanx + 2In 2> + 1| + C

5. (15 points)

Use the polar area formula to find the area of one

leaf of the three leafed rose, the polar curve defined
by r = sin 360, that is the area for 0 < 6 < /3.

Answer:
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The area is

2 2
1 (71—

:_/ ﬂdu where u = 66 so df = du/6
4 /o 6

_27r_ s

24 12

6. (20 points)

Find the arc length of the astroid, the paramet-
ric curve defined by = cos®t and y = sin®t for
0<t<2m.

Answer:

We will find the arc length for 0 < ¢ < 7/2 and quadruple it. We have

ds =+/3? +y?>dt = \/(—3 cos?tsint)? + (3 costsin®t)2 dt
= 3costsinty/ cos?t + sin® t dt

= 3costsintdt
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so our arc length is
/2
5:12/ costsintdt
0

1
= 12/ u, du where u = sint and du = cost dt
0

1
= 6.
0

- 12u?
2

Part B
7. (20 points)

(a) Find a power series representation centered at 1 as well as the radius and interval of

convergence for the function

2z —1)
1@ ==y
Answer:
fle)=2e =)= (—2;7@ —oyy = 2D (P2 1) =) (12t -
for

|—2(z -1 <1le|z—1] < 1

V2
So the radius of convergence R = \% Now we consider the boundary cases

\—2(x—1)2|:1<:>x:1ii.

V2

In both cases we have |a,| = v/2, and can easily see that the series diverges by the divergence
test. We conclude that the interval of convergence is (1 — V2,1 + \/5)

(b) Write the following integral as a power series in z. What is the radius of convergence of

2(z—1)
/ T+ — 1)

this power series?

Answer:
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2(r —1 = (—1)m2n
_ n2n+1 -1 2n+1d _ -1 2(n+1)‘
/1+2(:c—1 dr = C+Z /m )7 de C+; PGl

for |z — 1] < —= by the integration theorem. The radius of convergence is f as well.
8. (20 points)

Determine whether the series is absolutely convergent, conditionally convergent, or divergent.

oo

Zn—Q\/_+2

n=1

Answer:

First, consider the series

o0

- 1
2. n—2\/_—|—2‘ 271—2—\/7_1—1—2

n=1

for absolute convergence. Since y >, % diverges by the p-series test and

1 1 1
m ——— /2 —fim — " — lim =1>0,
nﬂoon—2\/ﬁ—|—2/n nﬁoon—Z\/_—l—Q nﬁ%l—%ﬁ—i—%
by the limit comparison test, the series diverges.
Now, we consider the series
—~n-— 2\/_ +2
for conditional convergence. It is an alternating series satisfying
li = li ! 0
im ——— = lim =0.

Since
n—2/n+2=(/n—-172+1
is an increasing function of n, m is a decreasing function of n. So by the Alternating

Series test, the series is a conditionally convergent series.
9. (20 points)
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Find the radius of convergence and interval of convergence of the series
= qr (n+1)

Answer:

Solution: We use the ratio test:

Ani1 ] 1 ||+t 4"(n +1)
— an | = .
an e, | T At (n 4+ 2) ||
1 1 1
=l = el
4 n+2 4

as n — oo. From .
Zm <1l<& x| <4,

the radius of convergence R = 4.

Now consider the boundary case x = +4. Plugging x = 4 in original series expression, we

— (="
Zn—i—l’

n=1

get

which converges by the alternating series test.

Plugging x = —4 in original series expression, we get

o0

1
Zn—i—l’

n=1

which diverges as since this is the harmonic series (without the first term). So the interval

of convergence is (—4,4].

10. (20 points)

(a) Find the Taylor series centered at 0 of the function
9(z) = tan"1(z?) — 2*.

as well as the radius of convergence.

Answer:
(b) Write the derivative of g(x) as a power series and use it to calculate
dg()
dr le=0
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Answer:

(a) The Taylor series of tan™! z is

[o¢]
B (_1)nx2n+1 173 .Z'S
t Lye = B P
an Z; m+1l T 373 ’

which has radius of converges R = 1. Therefore, replacing = by z? gives,
n .4n+2 0 1)nx4n+2 6 10 14

_ = (—1)" (— 2 x T
=22y — 2 = S _p_ N\ vy v v
an”'(a?) —a® = 3 . anl on+ 1 3t T

(b)

dg(z) _ i (=1)" d_nsn _ i (=1)"(4n+2) 41

2n +1

— 22(_1)711_4714-1 — _21,5 + 2x9 . 21,13 .

The equation holds for |z| < 1. It follows that

dg()
= 0.
dr le=0
11. (20 points)
(a) Determine whether the series
= . !
> (=1 o
n=1

is absolutely convergent, conditionally convergent, or divergent.
Hint: You may use the fact that lim,, .. (1 + %)n =e.

Answer:
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We use the ratio test:

li Ap41 1; (n + ].)' n"
n1—>rgo an, - n1—>oo (n —+ 1)(”+1) n!
| n
~ lim (n+1)! n
n—o0 n! (n -+ 1)(”+1)
nn
= lim (n+1
N1
= I (” i ) —-<1
n—00 n e

so the series is absolutely convergent.
(b) Estimate the sum of the series with an accuracy of 5.
Answer:

S (=1)"2 is an alternating series satisfying

as n — oco. In a), we showed that

Ap+1
Qnp,

n n
= <L
(n—l—l)

So we can use the error estimate of the Alternating Series Test. From

4!_1.2.3.4_6<1
44 44 64 10

the approximate sum is
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