Math 162: Calculus ITA

Final Exam ANSWERS
December 17, 2013

Part A
1. (20 points)

(a) Find the partial fraction expansion of

1

-2 —x+1

1
dz.
/x3—x2—x—|—1 v

NoTE: The first part of this problem was designed to help you do the second part. If you

(b) Calculate the integral

did the first part incorrectly, you will not get partial credit for “correctly” using the wrong

partial fraction expansion to find the integral.

Solution: (a) z* — 2> —z+1=2*(z—1)— (e —1) = (2 = 1)(z — 1) = (x + 1)(z — 1)

This means that
1 A B C

x3—x2—x+1:x+l+x—1+(x—1)2'

Clearing denominators yields
1=A(z -1+ Bz +1)(x — 1)+ C(z + 1).

Setting x = 1 gives 1 = 2C or C' = 1/2, setting z = —1 gives 1 = 4A or A = 1/4, and setting
r=0gvesl=A—-B+C=3/4—Bor B=-1/4. Thus

1 1 Lo
-z —r+1 4x+1) 4z—-1) 2x—1)2
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(b) From (a) we get

/?ﬁ—ﬁix+1dw:/(M;¥U_4@£1f+%xiDJ(m

_l/dx_l/dx_i_l/ dx
4 ) x4+l 4) -1 2) (x—1)2

1 1 1
:Z—lln|x+1|—11n\x—1\—2—+0

(- 1)

2. (20 points) Evaluate the integral

/@:H)M@:

[Hint: You may find the identity sin(260) = 2sin 6 cos 6 useful.|

Solution: A right triangle with sides v/4 — 22 and = will have hypotenuse 2. Let 6 be the
angle opposite the side with length x. Then we have

r = 2sinb,
dx = 2cosfdb,
V4 — 22 = 2cosb,

and 0 = arcsin(x/2). This gives

/@H)M@:/

=38

2sin 6 4 1)4 cos® 6 df

~~

—

sin @ cos® 0dh + 4 / cos? 0db

cos30+2/(c0329+ 1)do
= ——cos> 0 +sin20 + 20 + C
cos® 0 + 2sinf cosf + 20 + C

1
(4 —2H)Vd — 22 + 5:)5\/4 — 22 + 2arcsin(z/2) + C

+x
3 2

W] =Wl oowloo Wl oo

I
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2
+ %) V4 — 2?2 + 2arcsin(z/2) + C.
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3. (15 points) Find the volume of the solid obtained by rotating the region bounded by

the curves y = 2, y = 0, and x = 2 about the line x = —2.
Solution: This is a shell method problem. The volume of a typical shell is
[circumference][height][thickness| = [27(2 + z)][z®][Ax].

Hence the volume of the solid is
2
V= / 21(2 + x)2* dx
0

2
= 277/ (22° + z*) dz
0
2
2 )

B 1447
5

1 1
=27 {—x‘l + —xﬂ

0

4. (15 points) Evaluate the integral

/cos Vzde.

Solution: We begin with a substitution. Let y = y/x, then dy = 2d7x5 so that dr = 2ydy.

This gives

/Cos\/de _ Q/ycos(y) dy.

Next we integrate by parts. Let u = y and dv = cos(y)dy. Then du = dy and v = sin(y)
which gives

/ycos(y) dy = uv — /v du = ysin(y) — /sin(y) dy = ysin(y) + cos(y) + C
= Varsin\/z + cosv/z + C.

Then

/Cos\/zdm:2\/fsin\/5—l—2(:os\/5+0.

5. (15 points) Find the arc length of the parametric curve x(t) = e' + e, y(t) = 5 — 2t,
connecting the point (z,y) = (2,5) to the point (z,y) = (€3 +e73, —1).
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Solution: We begin by observing that y(t) =5 — 2t =5 when ¢ = 0, and y(t) = —1 when
t = 3, so our range of t-values is 0 < ¢ < 3. Then the arc length L of this curve is given by

L= [ VEOr T wwra= [ Ve e cma
:/03\/6%—2+e2t+4dt=/03mdt
:/Ogmdt:/o3|et+e_t|dt

= / ("+edt=1[e"—e ]S =¢—e?.
0

6. (15 points)

The cardioid is the curve defined in polar coordinates by r = 1+ cos . Find the area of the
region bounded above by the cardioid and below by the z-axis.

Solution: It is easily verified that the region R bounded above by the cardioid and below
by the z-axis is given by

R={(r0):0<r<14cosf,0<6<m}.

We use the formula for area inside a polar curve to compute that the area A of the region R
is given by

1 [7 1 [™
A:§/ (1+cos@)2d6:§/ (1 +2cosf + cos®0) df
0 0
1 [7 1 1 (360 1 T
25/0 (;+2COS¢9+§COSQG) d9:§ [%+28in9+z—lsin2€ .
s
=
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Part B
7. (20 points)

(a) Find the Maclaurin series expansion of (arctan 2?)/x2, as well as the interval of conver-

gence.

(b) Find the Maclaurin series for

T arctan t?
/ arctant” ,,
t2

0

as well as the interval of convergence.

Solution: (a) The series for arctan z is
e (_1)nx2n+1 x3 x5

—~ (2n+1) 3

which converges for |z| < 1. Therefore the series for (arctan z?)/z? is

> (_1)n$4n 9 ZL‘4 N ZL’S N
—~ (2n+1) 3 5 ’

n
which also converges for |z| < 1.

(b) We can find this series by integrating the one above. The result is

o0 (_1)nx4n+1 375 N .139 N
= r— — _— o ..
— (2n+ 1)(4n + 1) 3.5 5.9 ’

n

which again converges for |z| < 1.
8. (20 points)

(a) Find the Taylor series centered at 0 of the function In(1 — z?), as well as radius and

interval of convergence.

(b) Write the integral

/ In(1 — #*)dt
0

as a power series in x. Solution: (a) The Taylor series of In(1 + ) is

(=D Lo 1
ln(1+$):Z—x”:$——x + -x” —
~ n 2 3
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with its radius of convergence 1. Therefore, replacing x by —a?,

e 4 6
In(1 — 2?) S S -

and its radius of convergence is also 1.

We check the convergence at the end points x = +1. When = = 1, the series is

> !

n=1 n
and it is divergence because it is harmonic series. When x = —1, the same thing happens.
(b).

’ 2 e 1 2n
In(l—)dt = — [ Y —t™dt
0 (———

= — 3 l/xt%dt

o0 2n+1
- Z n 2n + 1
i 1‘3 J? ZE
N 3 10 21

The equation holds for |z| < 1.

9. (20 points) Find the radius of convergence and interval of convergence of the series

= ) —1)"
Z 3nlnn

n=2
Solution:Using the ratio test,
i (_1)714—1(‘r _ 1)n+1 . 3" Ilnn
n—oo |  3"tlIn(n+1) (=) (x—1)»
|z —1| . Inn
= im
3 noooln(n+1)
e =1] 1/n

1 by L’Hopital’
3 gy by L Hopitals

lt—1] . n+1
= lim

3 n—oo N
_\x—1|
3

<1
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So |z — 1| < 3, and the radius of convergence is 3. For the interval of convergence, we check
endpoints.

Ifx=—

o0

— (=D"(=2-1)" (=1)"
Z 37 Inn - Z lnn Z Inn’

n=2 n=2

This series diverges in direct comparison to the series » 2 , because 1/n < 1/Inn, and
>~ 1 is divergent (harmonic.)

If v =4,

— (D)"E-D" & (="
Z 3”1nn _Z Inn

n=2 n=2
. . . . . . . 1
This is a convergent alternating series, because {Inn} is an increasing sequence, so —— >

and because lim — = 0.

1
In(n+1)? n—oo Inn,

Hence the interval of convergence is (—2,4].
10. (20 points)
Determine whether the series

 (~1)"/iF 3
Z( )

nd+1

n=1

is absolutely convergent, conditionally convergent, or divergent.

Solution:

)"V/n = Vn3 =3
Z—

n3+1 — nd+1

21

n3
n=1

=1
:ZIW

o0

Since ) | = is a convergent p-series, (p = 3/2 > 1), Z

)*vn3 —3

n3+1

converges by

n=1
—1)"v/n3 -3

nd+1

o
direct comparison. Then Z is absolutely convergent.

11. (20 points)
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(a) Determine whether the series

o n(—4)"
Z 32n+1
n=1

is absolutely convergent, conditionally convergent, or divergent.
(b) Estimate the sum of the series with an accuracy of 5.

Solution: a.)Using the ratio test,

(n+1)(_4)n+1 32n+1

hmn—>oo 32(ntD+1 n(—4)"
4 n+1
= — l1im
9On—oco N
4
=-<1
9

So the series is absolutely convergent.

b.) Since this is an alternating series, we wish to find n such that
n4" 1
32n+1 < 10°

This is false for n = 1,2, but
3-43 64 1

—_— =< —.
37 729 10
—4

Hence the sum sy = 5—? + % = 553 is accurate to within 1/10.
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