MTH 161

Final
May 2, 2022
Name: SO,_MV'!-'IO/\ S
UR ID:
Circle your instructor’s Name:
Joshua Sumpter Tritium Shen

Instructions

o The presence of calculators, cell phones, bread makers, and other electronic devices at this exam is
strictly forbidden. Notes or texts of any kind are strictly forbidden.

e For each problem, please circle or box your final answer. We will judge your work outside the box as
well (unless specified otherwise) so you still need to show your work and justify your answers. You
may not receive full credit for a correct answer if insufficient work is shown, insufficient
Justification is given, or we are unable to read what you have written.

¢ In your answers, you do not need to simplify arithmetic expressions like v/52 — 42, However, known
values of functions should be evaluated, for example, In(e), sin(r), .

¢ You must complete both parts A and B. Each part is out of 100 points. You are responsible for
checking that this exam has all 18 pages, including this one and the two pages at the end for
scratch work.

PLEASE COPY THE HONOR PLEDGE AND SIGN:

I affirm that I have read the above instructions, that I will not give or receive any unauthorized
help on this exam, and that all work will be my own.

YOUR SIGNATURE:
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Some Volume Formulas
e Sphere: V = Zr?.
e Circular Cone: V = nr2%,
e Cylinder: V = nr?h
e Cube: V = sd.
e Rectangular Prism (box): V = lwh.

Trig Identities

o sin’(8) + cos*(0) =1

o 1+ tan?(#) = sec?(6)

e 1+ cot?(9) = csc?(6)

e sin(20) = 2sin(#) cos(f)

o sin?() = (1 — cos(29))

o cos?(8) = 3(1 + cos(26))

o sin(a + b) = sin(a) cos(b) + sin(b) cos(a)
o sin(a — b) = sin(a) cos(b) — sin(b) cos(a)
o cos(a + b) = cos(a) cos(b) — sin(a) sin(b)
o cos(a — b) = cos(a) cos(b) + sin(a) sin(b)
o sin(a)sin(b) = 3[sin(a — b) + sin(a + b)]
o sin(a)sin(b) = 2[cos(a — b) — cos(a + b}

o cos(a) cos(b) = }[cos(a — b) + cos(a + b)]

Sum Identities

i1=" i=n(n+1)

i=1 i

Z‘ _n(n+1 (2n+1) : 2,3:(11,(_7;__“))2

i=1 i=1
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PART A

MTH 161

1. Solve the following problems. Show your work!
= 4 and determine whether the solution is

5
(2) (5 points) Solve the equation e
positive or negative.

Sz G t+ye-¥
[ = 4e~Y
4 - g ~¥

ln (V) = "X

InCey =) T

X0, so aty) >0

I

(b) (5 points) Compute the exact value of tan(a.rcsin(3/5')).

@ =aressn(3.5 )

+&n[@); _3_

6{.
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2. (18 points) C
is +00 or —o0,

ompute the following limits using any method that you choose. If the limit
determine which one. Justification using limit laws/properties/theorems is

required. Make sure to show all your work.

() lim 428 + 32% + 2z + 4
8) sheo 220 + 425 + 23 + 1
3 2
e e B E B
x> s _, 4 L
1 + Y + XS ‘l‘ i!“
- [y

(b) lim S0

4 _
X% R —)gl

2200 T - § S “n()() £
=) 0= [im d—‘— <4 Dim 2 alx) L ) _[_. -
X7 X X0 X = x;“, X o
=» Um S (0 ‘_‘—-__
X &0 Y - O
2
(© lm (@ —2) -l -4) = lim (4 ( &_:}_)
=00 )(9.-)0 )(?“Zﬁ
| Ve X2‘2 ~ U m | - %2 - O
X7 2 Xty X XE- 4
- . 1.9
—') h/"\ ln ( X - - &ﬁ
XD 2 X 4~y l |

e
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3. The graph of a function f is given below.

e+
‘\
/J

4
S

1
S
- WS W

(a) (6 points) Compute each of the following limits or state why they do not exist. If they
do not exist, write ‘DNE’.

Jm 16 =3 i, @) =1 i /) = DVE
:nHElﬁ- f(z) = - ,,ll,n_ll fl@) = lf_ il_lﬂ flz) = D\

(b) (6 points) Based on the graph above, find any discontinuity points for f on the interval
[—6,4.5]. Justify your answer using limits.

X=- [ m £y = LFm S
4 . (x>=% ¢ x-;-q-'-’o(w

X=2 [

Plx) = -1 I fm =5
X22" u x72+ 2

y:L’. £ X)) not Adelrapld at L,


Rectangle


MTH 161 Final - Page 6 of 18 5/2/2022

4. Let f(z) = 10++/27 + 2 and recall the definition of the derivative fi(z) = ’1'11’1(1) fla+ h})l — f() .

(a) (10 points) Use the definition of the derivative to find f'(z). No points will be awarded
if you do not use the definition.

lo+ e (IOHJX”‘-")

{?lf,)o,. Vi
h20 h
o lim xPemoerea < xtH2
h->0 h

- Uim T axhihibr X7
hso  h(Vefah e 5 + vl )

[ M Lx +h

h20 (oo i F VI )

8]

- A X . X
=
PNy fxzi2

(b) (5 points) Find the equation of the line tangent to the graph of f(z) at T = V2.

P (V) = —‘{f— £Z)= 10 +a=12


Rectangle
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5. Consider the curve defined by 2%? = (z + 1)2(4 — ¢2)

(a) (8 points) Find Z—Z in terms of z and y.

Axyr b axly gl = 2cxu>(4~32)-25(xu)28,

Axtyyl fay Dyt = v (g - 2xy

RXHD (H=y2) -3 xy?

———

ax?y 4 Uy (x47)?

(b) (5 points) Find the equation of all the lines tangent to the curve when z = 0. Hint:
There are two such tangent lines.

Wheo k=0

O = (oH)>* (4-y2)
Y=k

y=12
(9/2); (j""o

q=12)
(0,~2)+ y'=0O
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6. (20 points) Differentiate each of the following functions. Show all of your work!

(0 f@) =7+ s

{-!CX) = O -l- 0—%{ (QY-H)*\

-2
= -5 (.E’Y'H) = __:_5_

(b) g(z) = cyeff sin(z) tan(x) seet%)

Siatx) tan(x)

g' (e = CoSlx)ran(x) + Stalx) see?ly )

(c) h(w)=1—tﬂ(lf—) Plxd= [Esta(x?) Flrxd = Axcos(x?)
e +
ylx) = e X H S glx) =e

xz)) _ eX(ltsta (x?) )

‘ﬂl (v) - (e¥ 1) (ax cosl
(ex 1D

(d) k(z) = cos(tan(2e"))
Us 2¢5 g V= tanlu)
K(x)= cos (V)

K - A v du
AV du el

= ~omltan(2:97)) sect(2e %) [pe X

=Sa V) Sec®u) 10 ¢ %Y
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7. (12 points) A bird is flying horizontally at a constant speed of 50 ft/s. It passes over a
photographer at an altitude of 300ft. At what rate is the distance between the photographer
and the bird increasing 30 seconds after the bird passes over the photographer? You do not

need to simplify your answer. % t . SO X= %0 (50) = 1500

D= YBwF isoon

X Y . 4
‘ = 2
x

ADD'= 9 x x!

D'= 3xx_ oyt N
aD D
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PART B

1. (20 points) Let f(z) = (2% —4)* for -1<z<3.

(a) Determine where f(z) is increasing and where it is decreasing on [—1,3]. State your
answer in terms of intervals Justify your answer!

Pllx) = 4 x (x*-4>= Ux (x-i)Cx-ra)

+ O -
Ploy S+ 3 i
-2 -1 '®) 4] >

Ynereasiog . [M,00 v (2,3
pecfensray . (0,2

(b) Determine where f(z) is concave up and where it is concave down on [—1,3]. State your
answer in terms of intervals Justify your answer! Hint: 2/v/3 > 1.

Py T HOcZ-4) + Hx2 = (2x*-1b

PN 50 when (ax?=[t o p Xx=t = *

o +

] 3
) =t

L T
D 4y o2 3
toncave AP (ﬂ/‘m,g) cancave alawn: [‘l/ 3"1/'3]

(c) Find all of the critical numbers/points for f(z) on [-1,3] and determine whether f
has & local maximum, local minimum, or inflection point at each of the critical num-

bers/points. Justify your answer!

N[IS
| P

Fll(x)A

Chibical Aumber D Plexd = O
x= O Local mevxrmum Plpd ¢co

X=a local meatmam P (2D >0

(d) Find the absolute maximum and absolute minimum for f(z) on [—1,3]. Justify your
answer!

P1)= A flod=1b

(=0 F(3) = a5

obSolute miraimam | O

Abosolate maxirmum. 25
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' 9. Answer each part below and show all work.
(2) (b points) Compute g'(z) where

2

x4+4
g(z) = ] et’+oin(® g,
z+1

Hint: Start by assuming that F(t) is an antiderivative of e
damental Theorem of Calculus (FTC).

Lek G|H‘-)= LT e
F(xtiy) - Flxt) by FTCD
ax Flx%Hg) - FxH)

N
200" £ S (x4 Y) (¢ LStnlxe]d
OB e PAOXED (o Ry

t*+sin(t)# ond yse the Fun-

U

gtx)

%'(x) =

v

AX

(b) (5 points) (True or False) Decide whether the following statement is true or false.

Fully justify your answer.

“Let f(z) = -‘ﬂ F(~2) = -1 and f(2) = 1. By the Mean Value Theorem, there is a

? 1—(=1) _

number —2 < ¢ < 2st. f(¢) = m = -;—.”

False . The MVT requires Lhat FOx) )5 o ifferentiobie

an (-a,a).
Fexd = El X7e
~[ x40
F(x) o pok
tontionons on  (~3,2) , 50 no| dAiFfetentabl

In paskiculal, £ | (x) = a for XEO .
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/
3.

(12 points) A rectangular storage container without a lid is to have a volume of 10 m3. '
The length of its base is twice the width. Material

Material for the sides costs $6 per s

for the base costs $10 per square meter.

quare meter. Find the cost of materials for the least
expensive such container.
10 = 25 C= axtapy + 6(4xy + 2y
- 2
y ‘j .S = 20x* 4 2bx Y
—— Q" X
X

Min ' mum c¢cosi}=

2
C (V%) = g 1D (%)/3 + 180 (% by
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4. (18 points) Find the following limits or show they do not exist. If the limit is <00 or —00,
determine which one. Justification is required, show all work.

cos(z) — 1+ gx°

(8) Jim —5 type 2
= lim ~Sihlx) + X
o type 2
X2 x yre &
= lim Tlos(xD1 ~] 4
—==kxltl N
X320 2 o) "!O(

®) Jm 2=1as) = {yp oo ~oo

= "M (l tan))

Lsm  laged
X0 X

——

i
{7 X = ‘i -
X7 ee l X=>ao 3’; - O

Sracte X =>de eanpd (l--m()c7) o (

| ‘'

X Do X~laolx) = no
(c) lim (e* +10z)* type oo©

limn % - tm In(e¥ LDy )

S Al e” HD x) o (e¥ tioy fype 2

P

. [tm XL type %
X7 »= Er +0x
= lim € oD
x> ZEpo0 YW
= ltm e = » ’_;: ln[e"HD)OE":é
X2 eX X —
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1
5. For this problem, consider the integral f z? + 2z dx
0

(8) (10 points) Let R, be the Riemann sum using right endpoints and n sub-intervals.
Find & formula for R, in terms of n only (no summation symbols ¥ should remain in

your answer). Hint: You may need some of the formulas on the formula sheet.

be=L2P o L Xg=04 dxi = 2
n n
b4
Ree ) Lm + (B3] (%)
i= ;
- (}) ), (5) +8y
=1
t| g A
" [rﬁ— S, R 2:)
1= i"‘"l
- /\.J,3 (n Cn;u) [an+l)> ¢ 4% (Agh)
R&:- € {'I)CRI\H)/C%J;) + ﬂni-l')

A
(b) (5 points) Calculate '}Ln;lo R, to find the exact value of the definite integral.

(ar) (arDy . CaHD

[ im P ‘
A
ND &2 N7 2

i
3
T~
>
o
S
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(b) f sin®(z) cos®(x) dz

Hint: You will want to use the identity sin®(z) + cos®(z) = 1.

U: SI‘IILX) O__‘_@ = d)(

coSin)
S u® cos®ix) du = S Lo (1-u?) zlu

= Sud-utdu= guk- Lyt e

= t sé(xd - ésrns(x) +c

@ [ e

E (.XH) (k*-!) cj 2 ?
- = ¥~ -
- B X (X§) x B 7‘“’"‘5 '“-,'(-ﬁlv

{ I l

{!

X< 2 e
—znml = (2-1a) - ([ = 11D

X =
= |- 1a(2)
@ [
Uz [a0O X oy =olx
| U OJ [ ]
- — )( l/[ - —_—
= S A% 95 " olu
0 6
. V=l
- él((j_z >
2 U:.o
- 4[4 -
T2 (a) =
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6. (5 points) If /2 Jf(z)dx =3 and f2 f(z) dx = —4, find f_l 5f(z) + 2 dz.
-1 0 0

D 2 2
S ] S ?(x)olx :B Ftk')al\c -S Feod v
-} o 4] =] -1 0
= 2 -(-q-) =7
& ~

-1
S S pex) 424y = "55 ’;C‘x)oli—S’lalX
G -1
©

-35 -2 :[_—i}‘l_/

7. (20 points) Evaluate each of the following integrals.

i

(a) [2:3+3m2—2:1:+1dx

l
axtExP-xT e e

(continued on next page —)
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