MATH 150 - WRITTEN HOMEWORK # 6

(1) (a) (3 points) Show that z® — 622 + 12z — 8 is big - O of 2®. Please state the values used for
witnesses C' and k.

Solution: Observe that when z > 1, we have 1 < z < 2% < 2. Therefore, we get
22— 622+ 120 —8 < 2 + 622 + 1220 + 8 < 23 + 622 + 122% + 823 = 2743,
Hence, 2* — 62? + 12z — 8 is big - O of z* with witnesses k = 1 andn C' = 27.

(b) (6 points) Determine whether or not the statement
x isbig- Q of zlnx
is true. Prove your assertion.

Solution: If z is big - €2 of 2 In z, then there exists positive constants C, k such that
1
x>Cxlnzx, Vr>k <— Ezlnx, Ve >k < /% >z, Vo>k

However, C is a constant, thus if 2+ > max{k, ¢}/“}, then 2 > ¢!/, which is a contradic-
tion. Hence, z is not big - 2 of z Inx.

(2) (a) (6 points) Determine whether or not the statement
72° Inz + 32 + 22 isbig- O of 2°
is true. Prove your assertion.

Solution: If 72° Inz + 322 + 22 is big - O of 23, then there exists positive constants C, k
such that
T3 lne + 32 +22< Ca®, Vx> k.

Since 322 + 22 > 0, a fortiori, we have
C
73lne < Cz3, Ve>k < Inz < - Vo > k.

Thus if + > max{k,e“/"} (note that C is a constant), then Inz > C/7 (i.e., z > e/7),
which is a contradiction. Hence, 722 In z + 322 4 22 is not big - O of z.

(b) (3 points) Is 3 big - © of 72* Inx + 322 + 22? Prove or disprove.

Solution: No. For z* to be big - © of 72* Inz + 322 + 22, we need that z* is both big - O
and big - Q of 72% Inz + 32? + 22. However, we know from part (a) that

72%Inx + 37 + 22 isnotbig- O of 2.
This is equivalent to the statement that
2® isnotbig-Q of 7z’ Inx + 32° + 22.

Therefore, the second statement is false.
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(3) (a) (5 points) Show that is big - O of z. Please state the values used for witnesses C

x
and k.
Solution: We simplify the fraction first as follows:
| =142 :c2—1+ 2 " 2
z+1 r+1 r+1 z+1 r+1
Thus, for x > 1, we have
2
1
v =x—1+ < z.
z+1 z+1
2?2+1. . . .
Hence, | is big - O of  with witnesses C' =1 and k = 1.
x

4 .2

1

(b) (6 points) Find the least integer n such that o —:i ;
T

answer works and state the values used for witnesses C and k.

Solution: Observe that 2® +1 = (z + 1)(z? — x + 1), we add and subtract = to the
numerator and rearrange to again simplify the fraction first as follows:

is big - O of z". Show why your

e+ +1 (@ +a)+ (@ —ax+1)  z(®+1) -z +1
R 3+ 1 a3+l (x+1)(x2 =z +1)
B 1
7x+;1:+1'
Thus, for x > 1, we have
—x4+3xz+1:x—|— <z+x=12x
x°+1 r+1
at+r?+1

Hence, is big - O of  with witnesses C' = 2 and k = 1. Therefore, n = 1.

3+ 1

(4) (a) (5 points) Show that 1 +2+4+ 8+ ...+ 2" is big - O of 2". Please state the values used
for constants C'; and () (that is, state what witnesses you use).

Solution: We need to prove that there are real numbers C; and C; and a positive real
number £ such that

Ch2"| <1 +2+44+8+ ...+ 2" < (2"

whenever n > k. The given series is a geometric series and since all the terms are
positive, we have

n+1_1

2”§1+2+4+8+...+2":ﬁ:2"+1—1§2"+1:2-2”.

Hence, 1 +2+4+ 8+ ...+ 2" is big - © of 2" with witnesses C; = 1 and C = 2.



(b) (6 points) Show that |z + 2] is big - © of z. Please state the values used for constants k,
C and C (that is, state what witnesses you use).

Solution: By definition of the floor function, |+ 2] <z +32.Ifz > 2, then [z + 2| < 2z.
We also have that z + 2 < |z + 2] + 1, which can be rewritten as z — 1 < [z + 2]. Now

ifr>1,thenz — 2% <z —11ie,% <x— 1 Therefore, 2* < |z + 3]. Hence, forz > 1,
3x 3
— < —| < 2.
1 Lx+4j x

This shows that [z + 2] is big - © of = with the witnesses C}, = 3, C, = 2and k =



