Math 150: Discrete Mathematics

Practice Final
December 16, 2018

\ ot 2t 1 £
NAME (please print legibly): iﬁﬂ (;LEZ(_M&
Your University ID Number:

Indicate the lecture time you attend with a check in the appropriate box:

S. Amelotte MW 3:25-4:40pm
A Josevich MW 10:25-11:40am
J. Passant MW 9:00-10:15am
V. Petkov MW 12:30-1:45pm
MTHI150A

o MTHI150A students, if you wish the exam returned in a class, please mark that in-
structor in addition to the MTH150A box.

- ® You have 75 minutes to work on this exam.
» You are responsible for checking that this exam has all 18 pages.
o No calculators, phones, electronic devices, books, notes are allowed during the exam.

e Show all work and justify all answers.You may not receive full credit for a correct
answer if insufficient work is shown or insufficient justification is given.

» Please sign the pledge below.

Pledge of Honesty
I affirm that I will not give or receive any unauthorized help on this exam, and that all work
will be my own.

Signature:
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Part A
Part B
QUESTION | VALUE | SCORE
" m QUESTION | VALUE | SCORE
& 15
2 20
9 15
3 10
10 15
4 15
- 11 15
5 15
12 20
6 15 -
13 20
7 15
TOTAL 100
TOTAL 100
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Practice Final, Math 150

Part A
1. (10 points)

(a) Define the sets AU B and A using the sets A and B.
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2. (20 points)

(a) Find the number s such that 0 < s < 26 and 13s = 1 mod 27.
2F= 213+
S V= 2F-2-13.
< S -7 L 1, Nes \Tﬁq \y ){Mﬁ % {;};}mgi M QUAN~

’?"""ETM‘?%Q__ ;50 ~7 = —drlF (pred 7%
v = 2= 248 (mcd 7 7)

CWe are g o et %cd (2, )=\ Han
wecan P 2 v st 1=as b (Bém A

xf Lhi « Ho cose then as =) vecl

{b) Find a number ¢ such that 0 < ¢ < 26 and 13t = 15 mod 27.

{ 2.2 = | meel 277
S 13426018 = 14 moddF ééé
2 £22815 mock 27 |
% & = zzmwuv =1+ = €. 27 +13
O VFE =18 mocd 2T <o =13 wovks
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3. (10 points) Counsider the following algorithm.

procedure f(a,,...,a,: non-negative integers with n > 2)
fori=1ton-1
forj=1ton—1

if a; > a;_; then interchange a; and a;_
J g 7 =1

(a) What is the specific name of the method the above algorithm is preforming.

Bubble serd |

) Would the above algorithm work if ay, . . ., a,, were real numbers (as supposed to integers).

jﬁ% onl mg%x-ﬂ- chon & Hhab o )79
WC”YW\Q;S Jwhdi s frie fr real numbars
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4. (15 points)

(a) State the principle of mathematical induction.

TC} Orove QCV’?;\) S g(v e {a:_‘f w& W‘SZ%Y‘@ av\ﬁ!}\{}Q@
N, whave (‘én\) 'S @ ProPo sbanc] £ anchen , ue
e’fm@%@ e Slape

(O Lke '\j@mﬁ @(,L \S H‘W
(’i\? LG‘Q 3\"‘&«*«3&% concl zaw& Q&Vé’j\mw@m}% W@\)w ;‘9(}?“#}

S tyve for e L e _all pee mée%m e

(b) Prove by induction that

1+3+32+-~-+3”’=3(n+2_1.
%&% m(" {:&‘:s(im L +9 = - G 2 Z_ | B ?_ﬁ - e 4
oz 7 =
So ek for n=A4
. . b4l
i : -l
Wnclick o Weassume Ple) g tr3r . 73 > =t
M
m?g bkl TH L bl by |
\t 3. T3 +S = %MMMWL! 4.5 ’
2.
}; i o ‘b”ﬁg
= -l 23
WWW&MW ;2“
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— 5 M%W 2 ] ® 3 o E
Z.
— "";\L”X“B y k&“ﬁdzw i

[ ——————
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5. (15 points)

(a) Show that if ged(a,m) =1 and ab = ac (mod m), then b= ¢ (mod m). E >

We b show theb 8 (mlab 2 ace Vg ) =\ ) =) W
Proot, %‘;;fd foaymy=| M&Mi(aa"&@z& El«tm,{* |=asy bl
mlah moews Deeet b n ¥ abe=mn.
o b= blacymt) = bag vbEm = mnst btm
b= m@s%b\ = mb = ba:’)m\b/

Gb=ac (,vmm\@@ ab-ac=0@medm) e m | (ab-ac)
&~ wmlalb-c). As %C"G{ fa,m\=\ , bﬂm‘bwg e have
Het  milbec) & bec =g medn) & b=C (meclm),

(b) Does ab = ac (mod m) imply that b = ¢ (mod m) without the condition ged(a, m) = 1?
FEither prove or give an explicit counter example.

No. Zok m=6.

DA =0 mmcﬁé,
2.6 = O modl & €0

So e hawe O Counlar

rample
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6. {15 points)

(a) Suppose that p is a prime how that if n and m are squares mod p {i.e. the is some z
- such that z2 = n mod p), then nm is also a square mod p.

&UWM&Mf§5W6¥WW§

S50 am & agquave. wed p

(b) Is this true if p is not prime? If yes prove it, if no give an explicit counter example.

?\fg% Ye same @mm@, holds AS alaone

{¢} Suppose that p is a prime. Show that is » is a square mod p and k is an integer such
that nk = 1 mod p, then k is a square also. \‘? v1=0 Yo v”gﬁwﬁgidﬂg }SL _}fi:}
CEsve, N0,

N=00 m ocl P ey ﬁw\@ =
kmmae AN Prreset

ECV’L as P %Q‘ﬁ (ac)p Y= 50 Fg st
W g m@@i g:}

| = mb = 2% wad P

= gﬁq@@ bw ?y«{@a?? %:«Xj = E 50 mﬁwwé Wéﬂ(‘f@
So Sz mdp.
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Part B

7. (15 points) Throughout the question you may leave your answer in terms of factorials.

(a) If one has 16 basketball teams in a tournament which requires the teams are first put
into 4 groups (of 4 teams). How many ways are there to from the first group?

(s)= ara

(b) Given the first group has been picked, how many ways are there to form the second
group?

s,

reNOUN

(\?—-)m 2! Aﬁm%@’reﬂm

= 214

(c¢) Thus, how many distinct ways are there to set up all four groups?

2N/ BN let st _ e
(‘qé) (\q%}(:ill - 'i:ifé;%t“@i Frar g (47

~

L S —

e GT OTTF
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8. (15 points) Consider the following linear cypher

[ Zog — Zog such that f(p)=p-T.
Recall that we encode the letters as
DIEIF HII|J|KIL|M|NIOIP|Q|R|S|TIU|V|IW|X|Y|Z:
341567 (8|(10811 (121314 (151161718 (1920121 (22|23 (24|25

(a) Encrypt the message “HELLO WORLD?”.

(b) Decrypt the message “ABBZNXLL".

ABBzNXLL

i

+ smsoniatn

|

"‘”g”“ (T A & S g
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9. (15 points)

(a) Prove that P(n,k) the number of ways of choosing ordered lists of k indistinguishable

! e .
objects out of n, 1 < k < n, is equal to (72757 G‘%C%V ‘»m;%i‘gfé

e have N weus te chese the Pt @@MW&Q n-|
tes checse He Zwiﬁéﬁﬂwww%c{q auc ovdarec st fﬁ.i’g“. conkh,
we Bteese. howe n- (e Aot Yectle B elomont
Tlug | "
OCm)= M- (ret) lne2) - - - (i (-t)) = Rl

(b) How many permutations of the string “ABCDEFGHIJ” contain the string “ACDE”.
You may leave your answer in terms of factorials.

M Ose He block s .
ACHE B,F, 6,1, T zemed Ty

We cave. abeut  ovcloved AList Gﬁib se 7 blocks j
Which ihaelve 2l 7 bSlocks, Sethor are

P ( 1,7 V=7 3' Sl h Shan
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10. (15 points) A rabbit can hop up one or two stairs at a time.

(a} In how many ways can the rabbit climb a staircase with 5 stairs?

2ok S nhe the . uwmq‘kw@iw Wa‘%‘g h«; hm‘g L fL Stecins ‘

~y v ~T T s et o Shaeb
) g B¢ LaUpu
[ S et /Y (} ) oot el AL . P e Sopspemetioy , so 5,22
3= 5=2 | PRI A el 2 e . welys b Fumsh.
. B -%; T;,,?i ,‘ i Tgﬁ‘v’“‘; ﬁm xﬁgﬁ:@ %-V%C?La\fil Mé 3 Wy o g | Uﬁ“—u‘«?}k& ?E/ﬂi‘m% .
[//ﬁ \l\;} Eﬂumj A émj‘z} wt w;vmy bey
A . o ;?3 8,
' ﬂi ﬁa&@ L %{ \é"j’f v,“gﬁ L %ﬂﬁ«W@& 233 hxgail,g‘;z&» L%; B ».,}35‘ S LAt {&Qt(. ?ﬁm{f‘}\ﬁ 51%:;?
P B L a2 hop cﬁm 2 sizgs lebl ;50 5= 2Lueus
ﬁ}\ /f (b) What abougc staffcase with 7 stairs? Here n is any positive integer. =8,
r"{;$ o ‘{
- I R ) s e g AN E i, T
"\m;} % L Bf e \L\UR% w)g E"‘f% {g 3 % 44 = % .
’ R 4/ / R
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é% w%, S e %e y {M&mi@m& - w} r={-|

oS m&%ﬁﬁ Sa &= @<( “i?”\;ﬂ? A, {_W« Y‘V g =Y,8,=2
2 wﬁ?} i, ({v{“ \jmufg?)

ST AR
S0 | =ty 1= (V) v 5 2 J51 3
of = o - {wg@ \> — Wa{ = A= =93 - VO -
A= 2 E Z 2 2VET O
DT SRt
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JELN 7 1 eVBh N |—{%' V5 EEL
. m@} _________ 5 +{ - \} ,,,,, o
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“sec quesken 12 f e dotedled ecplonodesn de sehu ‘43 Se=Snvdn2
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11. (15 points)
(a) State the pigeon hole principle for n objects and & boxes.

“iiw& have nobjeds pubinte ke oees |, Chem bhore
{*-S 4 bm L.fdi%b’i {,‘Uk: QQ&{ r /EQ«‘X @b\} ec {;‘g (_;VL (?t

(b) What is the minimum number of integers required to ensure that 7 of the chosen integers
are odd or 7 of the integers are even. If no such integer exists then state this.

“Thewe e o loosas R N T

\f we wank T gbjeels W ove o bleze. Foo baxas
Lue naadk Sredlest o s4t V"/vg 7 . ThEas-che

W8 S@xmﬁ Hm
Se e haock (3 &1%@ \

{c) What is the minimum number of integers required to ensure that 7 of the chosen integers
are odd. If no such integer exists then state this.

Na S LLCMJ it bfb{“ U8 gf

As WM C@MC{ Clr?c:,sc:&/_, m“?wa‘g ey eyen r@ﬁi@ A
( ltcuﬁ“cdeff‘hmj Foddl oreg J J ”
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12. (20 points}

(a) Solve the recurrence

Ay ¥ ~lp_1 + 6an—2; ap = 3,0y = 1.

. ¥
Wo use  Gn=r" bgeb

- -2 vt one2
N L A s R e e

L2 2“{ F i C=6)=0
C=D =0 mic Frue \}
Oor ¢ Rr-6=0
We s, Fvd =0 @’:’” +2)w2\= O

ek 1=-3, ,=72.
Thon  Qu=«o (-8)* £ (2)] a,=3, a=|
We neeel to {i”ﬁf I « ond o« Loe wse ao Lo,
= ol (B e A, (2)° = Ly ey 3= d, ¢, g
Uﬁz = 4 Rt (2) = Zhy - B = 26-34)

E) - a{li"‘r 0{2“ 31:32,&{{“‘“%@{%
Q=3+ 3d, |0 = Gy, +OK,
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(b} Solve the recurrence

an = 3ap_1 — dan_3; ap=2,01 = 0, a0 = 10.

[Use are allowed to use the fact that 2® — 3z° + 4 = (z — 2)%(x + 1) ]
g Wj fhe cawe Ap=r" Sub. @& n parkE), weget
the C h avedgnshe ﬁ’iﬂﬁ

=32 E =0

b%mm we Fave (v —2Y% () = @
==\ Ona .
Uﬁ“; ?C’LQ, e p@,aﬁ;@/{ in"r:}%: &:ﬂw Wy We. &\C&U\Q__

R .
Ay = C?)Jﬁ VW{QQ\) (2-\5 T 053 (~1)
e sub en To 4,5 ok

L&S’W’K‘j Qafzz) «,=0, oo =10
[ 7= L+dy @0 =1d 20,7247 <5

B 10 = G+ EL, + Az
@w@ 6}\?% 10 = &ty v 10cly,
D+ fres 7 = 3t 22
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13. (20 points)

(a) Suppose we have a graph G = (V| E). Define what it means for the graph G to be
bipartite.

A i:%gs“zzgp\?% CMH s b pa lz, ig ks w@ﬂi@iﬁﬂ sek \/ f
Can be ggg,ﬁ,l;hw inte fuospkg V\z 2N, b% VAV "\jff \
owncl VNN,= @ (serllocler dg). part ken) . Whare SUEN
'Qd%&“ U The %m‘?’h convacls CAver “WC‘ m ‘UQ to A
Verdie mV, e rolvto V) el ol ) e c:mm} .,

(b) Draw the complete bipartite graph K, for

(iyn=m=3.

Te cloye
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(¢) How many edges does the graph K, ,, have in this general case.

o e hog  vem @fi%% ‘
A %ﬂ\/a, .
( 08 €ach 0&&@; Lo ponts, 1S connacleck o mels u U,

{d) Which of the following graphs are bipartite. If yes make the two distinct sets of vertices
clear, if no no further explanation is required.

(i) K.

N@*E‘ b%gxﬁh .

(ii) Cs.

e

/X Civcleoh verties n

N - Aveclec) i Ué |
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Blank page for scratch work



