
Math 143: Calculus III

Final Exam

May 2, 2022

Name: (Please print clearly)

UR ID:

Indicate the lecture time you are registered for with a check in the appropriate

box:

⇤ MW 10:25–11:40am (Cook)

⇤ TR 2:00-3:15pm (Sahay)

Instructions:

• You have 180 minutes to work on this exam. You are responsible for checking that this

exam has all 15 pages. Please do not remove any pages.

• Write your final answers in the provided answer boxes.

• No calculators, phones, electronic devices, books, or notes are allowed during the exam,

except for the provided formula sheet.

• Show all work and justify all answers. You may not receive full credit for a correct

answer if insu�cient work is shown or insu�cient justification is given.

• Numerical or algebraic simplifications of answers are not required, except when

specifically stated otherwise.

• Please write your UR ID in the space provided at the top of each page.

Pledge of Honesty
I a�rm that I will not give or receive any unauthorized help on this exam, and that all work

will be my own.

Signature:
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FOR REFERENCE, NO QUESTION ON THIS PAGE

Unit circle: The coordinates of the endpoints satisfy (x, y) = (cos ✓, sin ✓), where ✓ is the

corresponding angle.
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Common Maclaurin series:
1

1� x
=

1X

n=0

xn, R = 1

ex =
1X

n=0

xn

n!
, R = 1

sin x =
1X

n=0

(�1)n
x2n+1

(2n+ 1)!
, R = 1

cos x =
1X

n=0

(�1)n
x2n

(2n)!
, R = 1

tan�1 x =
1X

n=0

(�1)n
x2n+1

2n+ 1
, R = 1

ln(1 + x) =
1X

n=1

(�1)n�1x
n

n
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Formulas for a parametric curve:

x = f(t), y = g(t)

Arc length from t = a to t = b:
Z b

a

p
(f 0(t))2 + (g0(t))2dt

Area under the curve from t = a to t = b
Z b

a

g(t)f 0(t)dt
⇥
or

Z a

b

g(t)f 0(t)dt
⇤

Formulas for a polar curve:

r = f(✓)

Arc length from ✓ = a to ✓ = b:
Z b

a

p
(f(✓))2 + (f 0(✓))2d✓

Area bounded by the curve and the rays ✓ =

a, ✓ = b: Z b

a

1

2
(f(✓))2d✓
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PART I

1. (15 points) Find the limit of the sequence or show that the limit does not exist.

(a)

{cos(⇡n)}1n=1

(b) ⇢
1

n

�1

n=1

(c) ⇢
n+ 1

n� 1

�1

n=1

for n even : lim Costin)=1
n→oo

for n odd : lim Costin)= - I
h→N

therefore the limit does not exist

lim tr = 0
n→oo

eim I = lim
n→.

= ≥
n→N
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PART I

2. (10 points) Use the direct comparison test or the limit comparison test to

determine whether the series converges or diverges. To receive full credit, you must clearly

state the series to which you are comparing the given series.

(a)
1X

n=1

n7 + n

(n4 + n)2

(b)
1X

n=1

3n�1

2n � 1

compare to
: £ 1- (divergent p- series)
h = ,
N

lim +⇒z
noo-

=
lim 1%+2%-5+52=1
n→oo

¥

By the limit comparison
test

,
the series diverges

•

n= ,
(3-2)
"

(divergent geometric seriescompare to : [

3
" '

. 2h
lim
i.→• ÉÉ = lim-z.gr = Lim 2-3=2-3n→N

n
→ so

the series diverges by the
limit

comparison test
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PART I

3. (15 points) Use the ratio test or the root test to determine whether the series

converges or diverges.

(a)
1X

n=1

n!

(2n)!

(b)
1X

n=1

✓
n+ 1

n2 � 1

◆n

ratio test :

÷:(¥+i%=eimn→•ñn¥⇔=o
series convey by

the ratio test

root test :

lim = O
n→00 h2- \

Series converges by the root test
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PART I

4. (15 points) Determine the interval of convergence for the power series.

(a)
1X

n=1

xn+1

n!

(b)
1X

n=1

(x� 1)n

n2 + 1

apply ratio test :

lim
1×148

/ ✗ Inti
= / ✗ / Lim

1-
n→o!

r

n→@ ntl

=0 (for all ×)

the interval of convergence
is 12=00
-

apply ratio test :

eim
'×-

. =/ ✗-Heim
n→•
É+z

n→oo (ntl)'t I

=/ × -11
,

series converges when 1×-11<1
,

the radius of convergence isR
✗= 0

:

both ✗ =3 :

§
.

converge by [ 1-LCT ( compare to%)

/Io,z]
↳
nah"'
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PART I

5. (15 points)

Find a power series expansion centered at 0 for the following functions. Hint: recall the

expansion for
1

1� x
.

(a)
1 + x

1 + x2

(b)
3x2

(1� x3)2

= ( I + ×) ( g) = ( I+⇒[ C- ✗2)"
n=0

:(⇒ =

( I - ✗3)
2

"

¥ ([ c- ✗7) = É¥ c-xD
n= 0

f-E.tn?3n.x3#
-
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PART I

6. (15 points) Compute the following limits. (Hint: Maclaurin series)

(a) lim
x!0

ln(1 + 4x)� 4x+ 2x2

x3

(b) lim
x!0

sin(2x)� 2x cos x

x2

= eim (É,

(-15-1) -4×+2×2
✗→ o#

= l im
✗→ ◦
¥ . (-8×2+2×2) + ¥3 _ 4¥ + .

. .

= lim -

✗→o
¥ → - •

00
2h 1- I

= #% £É¥¥ÉE¥
% ÷i+¥É:¥+ .

.
.

)

= eim _¥¥×;%+ . .
.

÷
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PART I

7. (15 points)

(a) Find the Maclaurin series for f(x) = sin(⇡2 +x) from first principles (in other words, use

the definition of a Taylor series).

(b) Compare this power series to the known Maclaurin series for cos x. Can you conclude a

relationship between sin(⇡2 + x) and cos x?

f-
"

7407=1
f-
"'
A) = cost +× ) f-"Yoko Maclaurin

•

series :

f-
"'
A) = - sin +×) f-

" '

G) = - I 4- ii.€f-
" '
G) = -wsLÉ+✗) fosyo )=O "° Un) !

f-
""Lx)=sinl¥t✗)

f- '
" ' (d) =/

:
:

etc

the series we found in part (a) is exactly
the Maclaurin series for cost

.

So
, cos ✗ =sin( Ittx)

.
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PART II

8. (20 points) Consider the parametric curve given by

x = t3, y = t2 � 2t.

(a) Find a function f so that y = f(x) represents the same curve as the above paratrization.

(b) At what points (x, y) is the tangent line to the curve horizontal?

(c) At what points (x, y) is the tangent line to the curve vertical?

(d) Find the equation of the tangent line at (x, y) = (1,�1).

t = ✗
"3
, y = (

✗
"3)2-2×43

d¥= -2+-2=0 → E- 1 horizontal :( 1
,
- 1)

¥-3-12=0 → t=O vertical :(0,0)

,

y -11=01×-1)

↳ y=
- I
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PART II

9. (20 points) Consider the parametric curve given by

x = cos2 t, y = sin3 t

(a) Find a function F so that F (x, y) = 0 represents the same curve as the above paratriza-

tion.

(b) Write an expression that represents the the area enclosed by x-axis, the positive y-axis,

and this part of the curve. Hint: try sketching the curve for 0  t  ⇡/2.

(c) Evaluate the integral from part (b). (Hint: u-substitution)

✗
2

+ y% = cost + Sint = I

↳ FIX , g)= ✗
2

+ y
"3- /

A = [Sint . C-Zsintcostdt
"12

IT/2

a-= 2 So sin" twstdt
= 2 [f- sin't]?

"

=/E)
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PART II

10. (10 points)

(a) The point (1,
p
3) is given in Cartesian coordiantes. Find a representation of this point

in polar coordinates.

(b) The point (1, ⇡/2) is given in polar coordinates. Find the representation of this point in

Cartesian coordinates.

r -_VITT = 1=2
,

tant = M3

⇔."✗ = r cost = I • 0

y=rsinQ= I - I
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PART II

11. (20 points) Consider the polar curve r = cos(2✓) (a four-leaf rose).

(a) Find the values of ✓ for 0  ✓  2⇡ where the curve passes through the origin.

(b) Set up, but do not evaluate, an integral that represents the area of one leaf of the rose.

(c) Set up, but do not evaluate, an integral that represents the arc length of one leaf of the

rose.

r -_ cos 120)= 0 →20=12 + hit
→ ② = +7¥

values w/ 0 ≤ ⑦ ≤ 2cm :

f- ¥
, 3¥ , 5¥ ,

A- ÉfÉ↑(wsaoÑd0-

L = [É¥VcosX⊖)+4sin42# do
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PART II

12. (15 points) Consider the polar curves r = sin(✓) and r = cos(✓), which are plotted

below.

x

y

(a) Find all points where the two curves intersect. Express these points in Cartesian coor-

dinates, and clearly mark your answers.

(b) Set up, but do not evaluate, an integral (or sum of integrals) which represents the area

of the shaded region.

Sino = Cosa : ⊖ = ¥ ,
✓= TÉ

/c×,y)=E,
the curves also intersect at the origin :

lLxiy1=(Q

1174
IT/z

A- Éfo sirio-do-ttz.fi/4cos20-d0-
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PART II

13. (15 points) Consider the polar curve r = 1 + cos(✓) (a cardioid).

(a) Set up, but do not evaluate, an integral that represents the area enclosed by the curve.

(b) Evaluate the integral from part (a). You may use the identity: cos2 ✓ = 1
2(1 + cos(2✓)).

A = I"( I + cos⊖) 'd⊖

A-= ¥§
"

I + 2 cos⊖
+ cos20do

= {[
"

I + zoos⊖ + É ( I + cos (20-7) do

= ¥ [0-+2 sin⊖ + É(⊖ + Is in 120-7%4
= { (2-11 + -11)=13-1-92


