Math 143 - Fall 2008
Solutions to Midterm 1

1. (20 points)

(a) lim 4arctan(n)

n—oo

4. — =21

b | 3

(b) lim sin(n) = DN E because as n gets large, sin(n) oscillates between 1 and -1.
2 1 2n/n? +1/n?
(¢) lim ntl_ li nfn” + 1/n”

= 0.
n—o00 ’n,2—|—3 n—o00 1+3/n2

2 3n
(d) lim (1 + —) =71,
n

n—od

We apply In and then use L’Hospital’s Rule:

2 In(1+2
lim 3n1n(1+—) g . )
n—oo n n—0o0 =
= (=)
= 3lim —=» "
n— o0 -7
= 3 lim 5
= 6
9 3n
Thus, lim (1 + —) = b,
n—00 n
2. (10 points)
8.626262 —8+6+2+6+2+
' o 10 100 103 10
S L
B 100 104
2
_ g4 62/100
1—1/100
B 100 99
62
= 8+ —.
+ 99
The third step comes from the fact that after 8, the sum is a geometric series with a = 62/100
and r = 1/100.
3. (10 points) First note that
2 2 2

(n+1)(n+2) n+l n+2
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Then the n!” partial sum has the formula:

(2o (2 2, (.2 2\ _,_ 2
=273 371 n+l n+t2) " nx2

Taking the limit as n — oo, we get

o

2 . . 2
E = lim s, = lim (1 — =1
—n+1)(n+2) noee T onos n+2

4. (20 points)

(a) 1. lim

=0
n—oo 1 ln(n)

2. Since n 4+ 1 > n and In(n + 1) > In(n), we have (n + 1)In(n + 1) > nln(n) and it
1

1
foll that .
orows tha (n+1)In(n + 1) < nlin(n)

The test implies (circle ONE): convergence divergence inconclusive.
(b)
_1\n+1 1
lim ( 1> (n+1) In(n+1) lim n ln(n)
I = A L

: nooo. 1/n
= hm —_— llm P ———
= 1.

The test implies (circle ONE): absolute convergence  divergence inconclusive.

(c) ()

1 2
lim ™ In(n) li n

n—oo = n—oo M ln(n)
n

= 1
1
= lim —

= limn

n—oo

= o0

The test implies (circle ONE): convergence divergence inconclusive.
dx

Tz

< dx > du 00
s xln(z) no U In2

The test implies (circle ONE): convergence divergence inconclusive.

(ii) Using the substitution u = In(z), du we have
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. 1
Then based on the four tests above, the series Z(—l)” is (circle ONE):
—~ nlin(n)
absolutely convergent conditionally convergent divergent unknown.
5. (15 points)
da:

(a) Using the integral test and substitution v = In(z), du =

/Ood_f’f_/ood_“__l
o x(In(2)?  Jupur

Hence, by Integral Test, the series converges.

we get

“ _4 1\ 1
2 n2/) In2

(b) Using the Ratio Test,

371 In(n+1)

i D! lim 3" In(n+1) 7n!
im ——2 = ]
n—00 3”;2('") n—oo T (n + 1)' 3" ln(n)
. 3In(n+1)
= lim ———=
n—oo (n + 1)In(n)
= 0.

By the Ratio Test, since 0 < 1, the series converges absolutely.

(c)
2n . 2

lim —— = lim — =
n—oo\/n2 43  n—oo /14 3/n?
Since this limit is not zero, the series diverges by the Divergence Test.
6. (10 points)

Wl =1
(a) To check for absolute convergence, let us look at E —| = E — - This is p-series
n n?
n=1 n=1

with p = 2 > 1, hence it converges. Therefore, the alternating series above is absolutely

convergent.

(b) Since the series is alternating, we know that

R < —
T (1)
We need this remainder to be less than or equal to 10~%. Thus,
1 1
(n+1)2 — 104
(n+1)? > 10*
n+1 > 100
n > 99.

The smallest n we can choose is n = 99.
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7. (9 points) Using the Ratio Test, we have

27 (x—1)"+1
. 1 . n
lim || = lim |z — 1| = |z —1].
n—oo 2m(z—1) n—oo M + 1
n

When |z — 1| < 1, the power series is absolutely convergent and it diverges for |z — 1| > 1.

To check at endpoints, we solve for |[x — 1| =1 and get x = 0 and = = 2.

N 27 — 1
At 2 = 0, the series i -)"—0-1"=2 —, which is di t (h i ies).
x = 0, the series is nzz:l( ) - ( ) ﬂnz::l —; which is divergen (harmonic series)
N 2 = 1
At x =2, th ies i -)"—2-1)"=2 —1)"—, which i ditionall -
x = 2, the series is nz:;( ) . ( ) W;( ) —, which is conditionally conver

gent(alternating harmonic series).

Therefore, the interval of convergence for this power series is (0, 2].

8. (6 points)

(a) lim a, = 0. That is because the series converges to 2, and the only way a series converges

n—oo
is if the terms a,, get small (approach zero).

(b) lim a,,9 = 7. The limit just means that the sequence a,, approaches 7. Of course, that

n—oo

also means a,o approaches 7.
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